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Abstract
The Poisson-Boltzmann equation is a nonlinear elliptic equation that describes how
electronic potential changes in the screening layer when a cell is immersed in an ionic
solution. It is the equilibrium state formed by many charged particles interacting with
each other through Coulomb forces. We propose a direct simulation approach for the
dynamics of the charged particles in the solution governed by the Poisson-Nernst-Planck
equation and the Poisson-Boltzmann equation can be solved automatically when the
particles reach the equilibrium. The interacting N particle system is simulated in
the truncated external domain. Directly simulating the N particle system has an
O(N2) computational cost in each time step. By making use of the Random Batch
Method (RBM) proposed by Jin et al [J. Comput. Phys., 400(1): 108877, 2020], the
cost per time step is reduced remarkably to O(N). Another benefit of RBM is that
the hard sphere potential is no longer needed in the simulation. An error analysis is
provided for the truncation and numerical experiments are performed to validate the
method. This particle method is preferable in two aspects: it is simple and effective
in high dimensions, especially in non-symmetric cases or with complicated membrane
or molecular surface. Meanwhile, direct simulation may be preferred as people may be
interested in the dynamics of the physical process.
1 Introduction
The Poisson-Boltzmann (PB) equation describes the electrostatic phenomena of electrolyte
solutions. It was proposed by Gouy [13] and Chapman [4] independently. The PB equation
has a wide range of applications in electrochemistry [13, 4], biophysics [16, 8] and colloidal
physics. It is valid to describe the distribution of the electric potential in dilute solution at
equilibrium state when a charged surface is present. When an object with free charges inside
is immersed into an ionic solution, diffuse layers of ions are formed due to thermal motion.
The charged object might be a solid particle, a cell, a macromolecule, a gas bubble, a liquid
droplet, or porous media[1]. As for the ion transport, the Poisson-Nernst-Planck (PNP)
equations [10, 28, 18] can be taken into account to describe the non-equilibrium processes.
Other Poisson-Boltzmann type equations such as the charge conserved Poisson-Boltzmann
(CCPB) equation [23, 24] have been widely studied as well.
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Various numerical methods have been proposed for the PB equation in literature [31],
such as the finite difference method (FD) [11, 6, 17], finite element method (FEM) [7, 2, 5]
and boundary element/integral method [3, 30].
In this work, we seek a direct particle method to simulate the motion of ionic particles in
solution instead of solving the mean-field PNP equation and its steady state PB equation.
The advantages are two-sided. On the one hand, particle simulation can render the transient
phenomena, though in this work our main focus is the stationary problem and the equilib-
riums. On the other hand, particle method is insensitive to dimensionality and geometry.
The aforementioned FD or FEM methods are feasible for solving the nonlinear PB equation
in 1D and 2D with some simple geometry of the membrane or molecular surface, but they
are not very convenient for complex geometry or in high dimensions. For example, particle
method is preferable in modeling the dynamics of protein folding in mobile ionic water sol-
vent despite of complex protein structure. In this work, the finite size of ions, ion channels,
collision and non-Coulombic interaction are ignored, which can be taken into account in the
generalized PB equation. Particle simulations of these physical features are left to future
work.
In our particle simulation, each particle will interact with the others through the long
range Coulomb interaction. To reduce the computational cost, we adopt the Random Batch
Method for interacting particle systems proposed by Jin et al in [20]. This method utilizes
small but random batch idea so that interactions only occur inside the small batches. For
a system of N particles, it reduces the computational cost per time step from O(N2) to
O(N) in a surprisingly simple way. Another benefit of RBM is that it is not necessary
to consider hard sphere potential such as Lennard-Jones potential. The RBM has been
successfully applied to the Stein Variational Gradient Descent for efficient sampling from a
given probability measure in [26] and to N -body quantum dynamics in [12].
Last but not least, we note that, in the original setting, the charged cell is immersed in
some unbounded solution. A natural idea is to truncate the domain and prescribe a suitable
boundary condition to the artificial surface. Here, we use the reflecting boundary condition
and derive an approximating PB system in the truncated domain. A convergence result
will be proved, which says the solution of the PB equation in truncated domain can well
approximate the solution of the original problem. This means one only needs to simulate
the ionic particles in a suitably truncated domain.
The rest of the paper is organized as follows. In section 2, we briefly introduce the PB
equation from a microscopic point of view and some basic setup. In section 3, we present
an approximating model by truncating the domain. In section 4, we explain the details
of the direct simulation approach to the PB equation in a truncated domain using RBM
and address several issues in implementation. In section 5, we obtain an error estimate
in Theorem 5.1, which demonstrates that the solution of the approximating PB equation
converges exponentially to the solution of the original PB equation in some special cases.
Numerical tests are given in section 6, which show that our method can well capture the
screening layer. Concluding remarks are drawn in section 7.
2 The Poisson-Boltzmann equation
In this section, we first give a brief derivation of the Poisson-Boltzmann equation starting
from the Langevin equation describing the motion of microscopic particle. Then we perform
nondimensionalization for the PB equation.
2.1 The mathematical setup
Consider a cell C ⊂ Rd with some free charges in it. Put the cell in some electrolyte
solution Ω with J ionic species. In this setup, C = Ω¯c. We assume the dielectric constant
of the solvent does not change too much from inside to outside of C, so we will assume the
dielectricity ε is a constant throughout this work. See Appendix A for some discussions
on the effects of different dielectricity. Let ρf be the distribution of charges inside the cell
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which we regard as unchanged during the whole process. Denote the membrane of the cell
as Γ = ∂C. We will also assume the membrane has a fixed shape and the ions can not
go through the membrane since we do not consider ion channels here. Then the ions will
concentrate close to the membrane and form a screening layer in several Debye lengths [1].
In this work, the finite size of the ions outside the cell is considered negligible, so the
ions can be treated as point charges. For a typical ionic particle Xj of the j-th species
(1 ≤ j ≤ J) with valence zj , it is subject to the electric field and collision with molecules of
the solvent. The collision with molecules is modeled by friction and white noise. Note that
we assume the electrolyte is dilute so that the collision effect and non-Coulombic interactions
between ions are ignored. Then the motion of Xj is described by the overdamped Langevin
system
dXj = − 1
γ
∇(zjeΦ)dt+
√
2DdB + dR. (2.1)
Here dXj comes from the friction term so that Xj ∈ Rd is the location of the particle. e
is the electron charge, Φ is the total electronic potential, −zje∇Φ represents the electronic
force. D is the diffusion constant satisfying Einstein relation D = kBT/γ, where kB , T and
γ denote the Boltzmann constant, the absolute temperature and the viscosity coefficient
respectively. Note that here [B] =
√
[t], where [·] represents the dimension, (the scale of
time [t] is chosen as
L2c
D
in the next subsection), this gives B(t) =
√
[t]B˜
Ä
t
[t]
ä
with B˜(·) being
a standard Brownian motion. Furthermore, R(t) ∈ Rd is the reflecting process associated to
Xj which prohibits Xj from crossing the membrane. Then Xj(t) is a Ω¯-valued process and
R(t) satisfies
R(t) =
∫ t
0
n(Xj)d|R|s, |R|t =
∫ t
0
1Γ(Xj)d|R|s. (2.2)
Here, n(Xj) denotes the outward unit normal to Γ at the point Xj ∈ Γ, R(0) = 0, and |R|t
is the total variation of R(t) on [0, t], namely,
|R|t = sup
n∑
k=1
|R(tk)−R(tk−1)| ,
where the supremum is taken over all partitions 0 ≤ t0 < t1 < · · · < tn = t.
The reflecting stochastic differential equation (RSDE) (2.1)-(2.2) is also called Skorokhod
SDE. Finding the solution pair (Xj , R) to the RSDE is the well-known Skorokhod problem,
which was pioneered by Skorokhod in [38, 39], where the reflecting process in a half line
[0,∞) was taken into account. Later on, Tanaka [41] considered the multi-dimensional case
in a convex domain. Lions and Sznitman [27] considered more general domain satisfying
the admissibility condition, and the admissibility condition has been removed in [36] by
Saisho. At the discrete level, RSDE can be solved by some standard numerical methods
[32, 34, 40, 42], which combines the widely used Euler-Maruyama scheme and some reflecting
techniques, such as penalization, projection and reflection.
Let ρj be the macroscopic species density of the j-th species outside the cell. By Itoˆ’s
formula, ρj corresponding to systems (2.1)-(2.2) is governed by the Nernst-Planck equation
(see section 3.1 in [35] for similar formal derivation)
∂tρj = ∇ ·
Ä
1
γ∇ (zjeΦ) ρj
ä
+ ∆(Dρj), x ∈ Ω, t > 0,
ρj |t=0 = ρ0,j , x ∈ Ω,¨
1
γ∇ (zjeΦ) ρj +∇(Dρj),n
∂
= 0, x ∈ Γ,
(2.3)
coupled with the Poisson equation for the total electronic potential Φ
−ε∆Φ = e
J∑
j=1
zjρj , x ∈ Ω, (2.4)
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where ε = ε0εr is the dielectric constant of the solvent, n is the unit exterior normal of Γ
(pointing to Ω). Denote σf as the equivalent effective surface charge for inside charges ρf .
This means σf gives exactly the same field as ρf for x ∈ Ω and
e
∫
C
ρfdx =
∮
Γ
σfdSx.
Note that we have assumed the dielectric constants are the same inside and outside the cell.
From Gauss’s law, it holds
−ε∇Φ · n∣∣
Γ
= σf , (2.5)
which gives the boundary condition for the external Poisson equation. The coupling of the
Nernst-Planck equation and the Poisson equation is the well-known PNP system.
For the Nernst-Planck equation (2.3), the stationary distribution has the form of
ρj = cj exp
Å
−zjeΦ
kBT
ã
with cj a positive constant. Provided the system satisfies the electroneutrality condition
J∑
j=1
zjρ
∞
j = 0,
where ρ∞j is the far field concentration, one has Φ(x)→ 0 as |x| → ∞ and thereby cj = ρ∞j .
Hence, the stationary species density is given by the Boltzmann distribution
ρj = ρ
∞
j exp
Å
−zjeΦ
kBT
ã
, j = 1, · · · , J. (2.6)
Consequently, the steady state Poisson equation becomes
−ε∆Φ = e
J∑
j=1
zjρ
∞
j exp
Å
−zjeΦ
kBT
ã
, x ∈ Ω,
−ε∇Φ · n = σf , x ∈ Γ, Φ(x)→ 0 as |x| → ∞.
(2.7)
This is the so-called Poisson-Boltzmann equation. Notice that σf is a given function in (2.5)
totally determined by the free charge distribution ρf .
2.2 Nondimensionalization
Denote Lc as the diameter of the cell C and ρc as the characteristic concentration. Introduce
the Debye length defined by λD =
 
εkBT
e2ρc
and a parameter ν =
Å
λD
Lc
ã2
. Then, one can
rescale the variables
x˜ =
x
Lc
, t˜ =
Dt
L2c
and introduce the following dimensionless quantities
Φ˜ =
eΦ
kBT
, σ˜f =
eLcσf
εkBT
, ρ˜j =
ρj
ρc
, ρ˜∞j =
ρ∞j
ρc
, ρ˜f =
ρf
ρc
, ρ˜0,j =
ρ0,j
ρc
.
Let C˜ = {x˜ ∈ Rd : x˜Lc ∈ C}, Γ˜ = ∂C˜, Ω˜ = Rd\C˜. For simplicity, the tildes over
all quantities are dropped. With the the electroneutrality condition
J∑
j=1
zjρ
∞
j = 0, the
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dimensionless PNP system reads
∂tρj = ∇ · (∇ (zjΦ) ρj) + ∆ρj , x ∈ Ω, t > 0,
−ν∆Φ =
J∑
j=1
zjρj , x ∈ Ω,
〈∇ (zjΦ) ρj +∇ρj ,n〉 = 0, x ∈ Γ,
ρj |t=0 = ρ0,j , x ∈ Ω,
−∇Φ · n = σf , x ∈ Γ, Φ(x)→ 0 as |x| → ∞,
(2.8)
while the dimensionless PB system at equilibrium reads
−ν∆Φ =
J∑
j=1
zjρ
∞
j exp (−zjΦ) , x ∈ Ω,
−∇Φ · n = σf , x ∈ Γ, Φ(x)→ 0 as |x| → ∞.
(2.9)
Note that the surface charge density σf satisfies∫
C
ρfdx = ν
∮
Γ
σfdSx =: Qf .
For simplicity, we only consider symmetric monovalent electrolyte throughout this paper,
i.e. J = 2, j = ±, z+ = 1, z− = −1. In this case, due to electroneutrality,
ρ∞ := ρ∞+ = ρ
∞
− .
Then, the nonlinear Poisson-Boltzmann system under investigation is® −ν∆Φ = ρ∞ (e−Φ − eΦ) , x ∈ Ω,
−∇Φ · n = σf , x ∈ Γ, Φ(x)→ 0 as |x| → ∞.
(2.10)
From formal asymptotic expansion, we know there is a boundary layer (the so-called Debye
screening layer) around Γ whose thickness is of O(√ν) [1]. See section 6 for numerical
verification.
3 Approximating by truncated domain
In practice, it may be difficult to solve a PDE in unbounded domain. Instead of solving the
mean-field PB equation (2.10) for the equilibrium, we seek a particle method that directly
simulates the dynamics of the ions.
At the microscopic level, the underlying RSDE for (2.8) is given by dXj = −∇ (zjΦ) dt+
√
2dB + dR,
R(t) =
∫ t
0
n(Xj)d|R|s, |R|t =
∫ t
0
1Γ(Xj)d|R|s.
(3.1)
This is the dimensionless version of (2.1). Again, the reflecting process R associated to Xj
prevents Xj from going into C.
We aim to simulate (3.1). Since ρ∞ 6= 0, we have
∫
Ω
ρ±dx =
∫
Ω
ρ∞e∓Φdx = +∞,
which means the total positive and negative charge are infinite in the unbounded external
domain. However, we can only simulate finite number of particles in particle simulation.
This motivates us to truncate the domain, as discussed below.
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3.1 Reflecting stochastic differential equation with an artificial wall
Intuitively, consider, for example, NaCl solution in an unbounded container. Put a charged
cell in it, a screening layer is formed immediately to neutralize the effective surface charge
on the membrane, Cl− and Na+ away from the membrane reach a dynamic equilibrium with
concentration ρ∞. Physically, there is a big reservoir with inexhaustible Cl− and Na+. When
one looks at a sphere BL = {|x| < L} large enough, in order to ensure the conservation of
density and momentum, the influx of ions should be equivalent to the outflux of ions through
∂BL in the sense of charges and heat. Although an ion would not change its direction at
once when it crosses ∂BL, there would be another ion from the reservoir which gets inside.
Since we only care about the statistical behavior of Cl− and Na+, we can simply bounce an
ion back when it crosses ∂BL as if there was a virtual wall. This motivates us to consider an
approximating problem in a truncated domain and impose a reflecting boundary condition
in the artificial wall. See section 5 for mathematical justification of introducing a truncated
domain in PDE level for some cases.
Let BL = {|x| < L} be a sufficiently large ball containing the cell C and ΩL = BL\C¯. As
mentioned before, one can only simulate the motion of charged particles in the truncated
domain ΩL. Besides the reflecting process on the inner boundary Γ, we also use a reflecting
boundary condition for ∂BL. Thus the approximating RSDE with artificial wall reads dXj = −∇(zjΦˆL)dt+
√
2dB + dR,
R(t) =
∫ t
0
n(Xj)d|R|s, |R|t =
∫ t
0
1∂ΩL(Xj)d|R|s, Xj(0) = X0,j ∼ ρ0,j .
(3.2)
Here, the subscript L is used to emphasize the truncated domain. The physical potential
ΦˆL should be determined in a consistent way in the sense that the charge density of the j-th
species should be proportional to the law of Xj . Moreover, ∂ΩL = Γ ∪ ∂BL, the reflecting
process R ensures the particle stay in ΩL.
3.2 The approximating Poisson-Boltzmann equation with an arti-
ficial wall
At the macroscopic level, the Nernst-Planck equations in ΩL corresponding to (3.2) are
∂tρj = ∇ · (∇(zjΦˆL)ρj) + ∆ρj , x ∈ ΩL, t > 0,
〈∇(zjΦˆL)ρj +∇ρj ,n〉 = 0, x ∈ ∂ΩL,
ρj |t=0 = ρ0,j , x ∈ ΩL.
j = ±. (3.3)
The boundary condition used here is the no-flux boundary condition. This ensures the total
positive charge Q+ =
∫
ΩL
ρ+dx and total negative charge Q− =
∫
ΩL
ρ−dx are conserved.
The total potential ΦˆL is generated by the free charges ρf in C and the charges ρ± in
ΩL. Due to the assumption of uniform dielectricity, one has
ΦˆL = (ρf + ρ+ − ρ−) ∗Ψ. (3.4)
Here Ψ is the Coulomb potential given by
Ψ(x) =

− 12ν |x|, d = 1,
− 12piν ln |x|, d = 2,
1
d(d−2)α(d)ν|x|d−2 , d ≥ 3,
(3.5)
where α(d) = pi
d/2
Γ(d/2+1) denotes the volume of the unit ball in R
d. Physically, since the
dielectric constants are the same in Ω and C, there is no induced charge on the inner
boundary Γ as well as the artificial boundary ∂BL, so Ψ is the fundamental solution to
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−ν∆Ψ = δ in the whole space. See Appendix A for more discussions on variable dielectric
constants.
The stationary solutions to (3.3) still have the form
ρ+ = C+e
−ΦˆL , ρ− = C−eΦˆL .
Then the steady state Poisson equation reads
−ν∆ΦˆL = C+e−ΦˆL − C−eΦˆL , x ∈ ΩL, (3.6)
C+, C− are to be determined.
For the original PB equation (2.10), ρ∞+ = ρ
∞
− = ρ∞. Otherwise, if the infinite concen-
tration of positive and negative charges is not equal, the net charge of the physical system
Qf +
∫
Ω
ρ+ − ρ−dx is infinite since ρ+ → ρ∞+ , ρ− → ρ∞− as |x| → ∞. However, in the
bounded case, it is not necessary that ρ+ = ρ− for all x ∈ ∂BL. But we can impose
ρ+(x¯)ρ−(x¯) = ρ2∞ (3.7)
at some point x¯ ∈ ∂BL by adjusting the total charge of positive ions. For example, in 1D,
we can require ρ+(L)ρ−(L) = ρ2∞. While in 3D, we can pick a point x¯ = (L, 0, 0) such that
ρ+(x¯)ρ−(x¯) = ρ2∞. Thus, C+C− = ρ
2
∞, and there exists a constant c such that
C+ = ρ∞e−c, C− = ρ∞ec. (3.8)
There is no doubt that the boundary condition on Γ is
−∂ΦˆL
∂n
∣∣∣
Γ
= σf . (3.9)
The remaining problem is to prescribe a suitable boundary condition on ∂BL. For potential
(3.4), the physical boundary condition to particle simulation with reflection at ∂BL is
∂ΦˆL
∂n
∣∣∣
∂BL
= n · ∇ [(ρf + ρ+ − ρ−) ∗Ψ] . (3.10)
We also remark that
∫
∂BL
∂ΦˆL
∂n
dSx = 0 due to zero net charge at ∂BL.
Let ΦL = ΦˆL + c. Combing (3.6)-(3.10) yields
−ν∆ΦL = ρ∞
(
e−ΦL − eΦL) , x ∈ ΩL,
−∂ΦL
∂n
∣∣∣
Γ
= σf ,
∂ΦL
∂n
∣∣∣
∂BL
= n · ∇ [(ρf + ρ∞e−ΦL − ρ∞eΦL) ∗Ψ] , (3.11)
which is the approximating PB equation in the truncated domain.
4 The Random Batch particle system for the Poisson-
Boltzmann equation
In (3.2), ΦˆL is generated by the free charges and continuous distributions of positive and
negative charges as (3.4) shows. The law of positive or negative charge is proportional to ρ+
or ρ−. Hence, (3.2) can be regarded as the mean field limit of interacting particle systems.
To numerically simulate (3.2), we simulate N particles that interact with each other through
Coulomb interaction, hoping that the empirical measure of positive particles ρN+ multiplied
by total positive charge Q+ is the approximation to ρ+, and the same argument holds for
ρ−. That is,
ρN+ =
1
N+
∑
i∈I+
δ(· −Xi), ρN− =
1
N−
∑
i∈I−
δ(· −Xi),
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and in the N →∞ regime,
Q+ρ
N
+ ⇀ ρ+, Q−ρ
N
− ⇀ ρ−.
Here, the superscript i denotes the i-th particle, I+ = {i, zi = 1}, I− = {i, zi = −1} with zi
being the sign of Xi. N+, N− are the number of positive and negative charges. The total
particle number is N = N+ +N−.
4.1 Interacting particle systems
Let
F = −∇Ψ, Ef = ρf ∗ F,
so that F is the Coulomb repulsive force and Ef is the electronic field generated by ρf .
Then, the above interpretation implies that we can approximate the self-consistent RSDE
(3.2) through the interacting particle systems
dXi = ziEf (X
i)dt+
∑
k:k 6=i
zizk
|Q|
N
F (Xi −Xk)dt+
√
2dBi + dRi, i = 1, · · · , N,
Ri(t) =
∫ t
0
n(Xi)d|Ri|s, |Ri|t =
∫ t
0
1∂ΩL(X
i)d|Ri|s, Xi(0) = Xi0.
(4.1)
Here {Xi}Ni=1 are the trajectories of N particles and the particles from all species are num-
bered together. {Bi}Ni=1 are N independent d-dimensional Brownian motions and {Ri}Ni=1
are reflecting processes associated to {Xi}Ni=1. The initial data {Xi0}i∈I± are indepen-
dent, identically distributed (i.i.d.) random variables with probability density function ρ0,±.
|Q| = Q+ + Q− is total absolute charge in ΩL (not to be confused with total net charge
Q+ − Q− in ΩL). Let q = |Q|N . Then each particle has charge ±q. N+ = Q+q , N− = Q−q .
Note that the ’particle’ here can be either ’numerical particle’ or ’physical particle’.
Remark 4.1. For interacting particle system (4.1), there is some probability that two op-
posite particles attract each other. When a positive and a negative charge meet, they cancel
each other and there is energy jump (the interaction energy is frozen and set to zero). In
the N →∞ limit, each particle carries infinitely small charge and this cancellation will not
affect the continuum interaction energy. However, for the finite N particle systems, once
two opposite particles meet, the attraction force between them is infinite. Thus, they stick
together and it is impossible to set them apart in subsequent steps. Hence, one needs to add
some hard sphere potential to avoid this unphysical attraction and cancellation. What people
usually do is to introduce the Lennard-Jones potential [22, 25].
Direct simulation of (4.1) is expensive due to the nonlocal interaction term. Solving
it requires O(N2) operation per time step, so we apply Random Batch Method in [20] to
reduce computational cost to O(N) per time step. Below, we briefly introduce Random
Batch Method in section 4.2, then apply it to systems (4.1) in section 4.3 and address some
implementation issues in section 4.4.
4.2 A brief introduction to the Random Batch Method
To improve computational efficiency for binary interacting particle systems
dXi = −∇V (Xi)dt+ 1
N − 1
∑
k:k 6=i
F (Xi −Xk)dt+ σdBi, i = 1, · · · , N. (4.2)
Jin, Li and Liu [20] proposed the Random Batch Method. The idea is to randomly divide
the N particles into n small batches with batch size p (p  N) and interact them within
each batch for each time step. That is, to solve the following SDE
dXi = −∇V (Xi)dt+ 1
p− 1
∑
k∈Cq :k 6=i
F (Xi −Xk)dt+ σdBi, i ∈ Cq (4.3)
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for each time interval [tm−1, tm). Here, the discrete time tm = mτ , where τ is the time step.
Cq, q = 1, · · · , n denote the random batches, which will be renewed at each time grid points.
Thus, the computational cost is reduced from O(N2) to O(pN) per time step.
The main theoretical results are the following error estimates
Proposition 4.2 ([20, Theorem 3.1]). Suppose the confining potential V is strongly convex
and the interacting force F is bounded and Lipschitz,
sup
t≥0
||X1(t)− X˜1(t)|| = sup
t≥0
…
E
∣∣∣X1(t)− X˜1(t)∣∣∣2 ≤ C… τ
p− 1 + τ
2, (4.4)
where C is independent of N, p. Here X1 denotes the solution of N particle systems (4.2)
while X˜1 denotes the solution of RBM (4.3) under the same Brownian motion and the same
initial distribution. Consequently, Let µ
(1)
N (t) and µ˜
(1)
N (t) be the first marginal for (4.2) and
(4.3) respectively. Then
sup
t≥0
W2
Ä
µ
(1)
N (t), µ˜
(1)
N (t)
ä
≤ C
…
τ
p− 1 + τ
2 ≤ C√τ . (4.5)
Estimate (4.4) says that RBM can approximate the trajectories of particles in strong
sense, while (4.5) tells that the distribution for RBM is close to the distribution generated
by full particle systems under Wasserstein distance with convergence rate O(√τ). Moreover,
the next result says RBM can capture the solution µ(t) of the mean field equation
∂tµ = ∇ · (∇V (x)µ)−∇ · (µF ∗ µ) + 1
2
σ2∆µ (4.6)
in the N → +∞ regime.
Proposition 4.3 ([20, Corollary 3.1]). Under the same assumptions,
W2
Ä
µ(t), µ˜
(1)
N (t)
ä
≤ C
Ä√
τ +N−
1
2+ε
ä
. (4.7)
Since the error bound is uniform in time, the limits N → +∞ and t → +∞ commute.
Therefore, RBM can well approximate the invariant measure pi of (4.6). Since the charge
density distributions of the PB equation are the invariant measure of PNP systems. By
Proposition 4.3, we expect that RBM can compute solution to PB approximately.
4.3 The Random Batch Method for the PB equation (RBM-PB)
In this work, we apply RBM to simulate systems (4.1). Motivated by Proposition 4.3,
we expect that RBM can approximate solutions to PB equation. We note, however, that
the theories in [20] do not apply directly to (4.1). The interacting particle systems here
involve particles that are not identical, while the original RBM method in [20] was for
indistinguishable particles. Recently, Jin, Li and Liu [19] extend the convergence results of
RBM for interacting particles with disparate species and weights. Note that the Coulomb
interacting force is singular for d ≥ 2, this does not satisfy the condition in Proposition 4.2.
However, simulation results in section 6 indicate that the numerics can go far beyond the
theory as pointed out in [20].
The corresponding RBM system reads: t ∈ [tm−1, tm), for q = 1, · · · , n,
dXi = ziEf (X
i)dt+
1
p− 1
∑
k∈Cq :k 6=i
zizk|Q|N − 1
N
F (Xi −Xk)dt
+
√
2dBi + dRi, i ∈ Cq,
Ri(t) =
∫ t
0
n(Xi)d|Ri|s, |Ri|t =
∫ t
0
1∂ΩL(X
i)d|Ri|s, Xi(0) = Xi0.
(4.8)
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We call this interacting particle systems RBM-PB. Therefore, by simulating systems (4.8),
we expect to obtain the desired equilibrium distributions for PB equation (3.11).
Unlike the full particle systems (4.1), for RBM-PB systems (4.8), there is no need to
consider hard sphere potential since we do random reshuffling before each time step. If two
opposite particles encounter (they are in the same batch and the distance between them is
zero) at a certain time step, it is of high probability that they get lost (they are in different
batches) in the next time step. Owing to the random mini batch idea, two particles being
stuck all the time is an impossible event, which do not have to be taken care of.
Once we have obtained the equilibrium distributions ρ+ and ρ− by simulation, there
are two approaches to computing potential ΦL. On the one hand, we can take logarithm
directly since ΦL = ln
ρ∞
ρ+
= ln ρ−ρ∞ . On the other hand, we can solve −ν∆ΦL = ρ+ − ρ− by
some fast Poisson solver such as fast cosine transform [37]. This is quite efficient compared
to solving the nonlinear PB equation.
4.4 Some implementation issues about RBM-PB
In this subsection, we make some discussions about RBM-PB in implementations. The first
issue is how to impose condition (3.7) in simulation, the second issue deals with the singular
interacting force F in (4.8) when Xi ≈ Xk for d ≥ 2.
4.4.1 An iterative method for Q+ with fixed ρ∞
In simulation of RBM-PB (4.8), the total positive or negative charge Q± is assumed to be
known. However, in practical problems, what we often know is the infinite concentration
ρ∞. Because we can get the ionic concentrations of the solution through measurements.
Namely, we care about the case where ρ∞ is given instead of Q+.
One can see from Figure 1 that: with fixed Qf , the larger Q+ is, the larger ρ∞ will
be. Though plotted in 1D, it holds for higher dimensions. Since each particle shares charge
q, larger Q+ represents more positive particles. So we can run the particle simulation by
iteration without a prior knowledge of the total positive charge Q+ and adjust the particles
adaptively.
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Q+ = 2, ⇢1 = 0.0750
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Figure 1: The equilibrium distributions (red for ρ−, blue for ρ+) in 1D with fixed Qf = 1.
The truncated domain is [1, 10]. This shows ρ∞ is larger when Q+ is larger.
Based on this observation, we design an iterative algorithm to determine Q+ with fixed
ρ∞. In each iteration, first run RBM-PB simulation for an empirical time Tc to reach the
equilibrium state (i.e. when the empirical density distributions do not change anymore) for
the initial guess of Q+. Then compute the densities ρ±(x¯) at some fixed point x¯ ∈ ∂BL.
If ρ+(x¯)ρ−(x¯) is lower than ρ2∞, randomly add some positive and negative particles into
the ensemble. Otherwise, randomly kill some positive and negative particles. Since Q− =
Q+ +Qf , the change of positive and negative particles should be the same to maintain the
total net charge in ΩL. The iteration terminates when condition (3.7) is satisfied within
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tolerance. After iteration, one can get the true Q+. The process is illustrated in Algorithm
1.
Algorithm 1 Iterative method for Q+ with fixed ρ∞
Input Initial distributions ρ0,±, truncated length L, total surface charge Qf , charge per
particle q, infinite concentration ρ∞, a point x¯ ∈ ∂BL, empirical time Tc, tolerance .
1: Initial guess Q+, Err = 1.
2: Generate N+ =
Q+
q samples from ρ0,+ and N− =
Q−
q =
Q++Qf
q samples from ρ0,−.
3: while Err >  do
4: Run particle simulation for Tc by RBM-PB.
5: Calculate the densities ρ±(x¯).
6: I = ρ+(x¯)ρ−(x¯) − ρ2∞, error Err =
√
I, the approximate charge change 4Q :=
α(d)Ld
2 Err. Then 4N :=
ö4Q
q
ù
,4Q′ = q4N .
7: if Err < 0 then
8: Generate 4N samples from ρ0,± and add them to the positive particles and the
negative particles respectively. Set Q+ ← Q+ +4Q′.
9: else
10: Remove 4N samples from the positive particles and negative particles respec-
tively. Set Q+ ← Q+ −4Q′.
11: end if
12: end while
Output Q+, ρ+, ρ−,ΦL.
In Algorithm 1, the bulk densities ρ±(x¯) are
ρ±(x¯) =
2N±(Dh)
α(d)hdN±
,
where Dh is a small half ball {x ∈ ΩL : |x − x¯| ≤ h} around x¯, N±(Dh) are the number
of positive or negative particles in Dh. Due to random fluctuation, the calculation of bulk
densities is not stable, thus the iteration may not converge. A direct way to avoid random
fluctuation is to increase particle number, but this is expensive. Another widely used ap-
proach is time average, which is the average of densities of previous iterations after reaching
equilibrium.
4.4.2 A splitting strategy for RBM-PB in high dimension (d ≥ 2)
The Coulomb repulsive force is F (x) = −∇Ψ = x
dα(d)ν |x|d
in d dimension. Note that F is
singular when d ≥ 2, so we adopt the splitting strategy mentioned in [20] to solve RBM-PB.
(4.8) can be split into
dXi =
1
p− 1
∑
k∈Cq :k 6=i
zizk|Q|N − 1
N
F (Xi −Xk)dt,
dXi = ziEf (X
i)dt+
√
2dBi + dRi.
Thus we can solve the first equation analytically when p = 2. In particular, for i, k in the
same batch, defining
v =
Xi(0)−Xk(0)
|Xi(0)−Xk(0)| , β =
2zizk|Q|(N − 1)
α(d)νN
,
one has
Xi(t) =
1
2
®(
Xi(0) +Xk(0)
)
+ v
Å∣∣∣Xi(0)−Xk(0)∣∣∣d + βtã1/d´ ,
Xk(t) =
1
2
®(
Xi(0) +Xk(0)
)− v Å∣∣∣Xi(0)−Xk(0)∣∣∣d + βtã1/d´ ,
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under the condition
∣∣Xi(0)−Xk(0)∣∣d + βt ≥ 0. Otherwise, let
Xi(t) = Xk(t) =
1
2
(
Xi(0) +Xk(0)
)
.
Therefore, for each time step, we exactly solve the first equation and then apply stochastic
schemes to the second RSDE.
5 Error estimate for the approximating problem
In the previous section, we introduced a particle system to find the solution to the equilibrium
PB equation by RBM in a bounded truncated domain. In this section, we will show in the
PDE level the validity of the truncation in a special case. In other words, the solution of
the PB equation in truncated domain ΩL converges to the solution of the PB equation in Ω
exponentially fast.
If ρf is radially symmetric, zero electronic flux in ΩL implies the electronic field is
tangential. That is to say,
∫
∂BL
∂ΦL
∂n
dSx = 0 will reduce to
∂ΦL
∂n
∣∣∣
∂BL
= 0 in this case. For
simplicity, we use this homogeneous Neumann condition as the outer boundary condition for
the approximating potential ΦL for the sake of analysis. By the way, in 1D, the constraint
on ρf can be removed due to the symmetry of electronic field F =
1
2ν sgn(x).
Without loss of generality, we assume the parameter ν = 1 in this section. Consider the
nonlinear Poisson-Boltzmann system
−∆Φ = ρ∞
(
e−Φ − eΦ) , x ∈ Ω,
−∂Φ
∂n
∣∣∣
Γ
= σf , Φ(x)→ 0 as |x| → ∞,
(5.1)
and the approximating problem in ΩL = BL\C¯
−∆ΦL = ρ∞
(
e−ΦL − eΦL) , x ∈ ΩL,
−∂ΦL
∂n
∣∣∣
Γ
= σf ,
∂ΦL
∂n
∣∣∣
∂BL
= 0.
(5.2)
The well-posedness of (5.2) is guaranteed by classical elliptic theory [29].
Next, we will show (5.2) is a good approximation to (5.1) when the ball BL is large
enough. Approximating result here focuses on 1D and 3D. However, we believe similar
convergence rate holds in other dimensions due to the exponential decay of ∇Φ. This can
be estimated by analyzing the Green function of the linearized equation by boundary integral
method [15, 21] like 3D.
Theorem 5.1 (Convergence). (d = 1&3). Let Φ be the solution of (5.1) and ΦL that of
(5.2). Then there exist constants C1 > 0, C2 > 0 independent of L such that
‖ΦL − Φ‖L1(ΩL) ≤ C2e−C1L
for L large enough.
In order to show this, we need the exponentially decay property of the solution to (5.1).
Proposition 5.2 (Exponential decay of Φ,∇Φ). (d = 1&3). There exists a positive
constant R and generic constants C such that, for all |x| > R, the following estimates hold:
• d = 1.
|Φ(x)| ≤ |σf |√
2ρ∞
e−
√
2ρ∞dist(x,Γ),
|Φ′(x)| ≤ |σf |e−
√
2ρ∞dist(x,Γ).
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• d = 3.
|Φ(x)| ≤ C|x|e
−C|x|,
|∇Φ(x)| ≤ C|x|2 e
−C|x|.
This proposition is proved by comparing it to a linear equation, whose solution is given
by the boundary integral representation formula. So we need the following preparations:
Lemma 5.3 and Lemma 5.4. The proof of Proposition 5.2 in 3D is left to Appendix B. For
1D, it is quite similar and simpler, so we omit.
Lemma 5.3 ([21] Representation formula). If u is smooth in Rd\Γ and satisfies
−∆u+ cu = f in Ω,
−∆u+ cu = 0 in C,
lim
|x|→∞
u = 0, lim
|x|→∞
|∇u| = 0.
Then ∫
Γ
ßï
∂u
∂n
ò
G(x− y)− [u]∂G(x− y)
∂ny
™
dSy +
∫
Ω
G(x− y)f(y)dy
=

u(x), x /∈ Γ,
ui(x) + ue(x)
2
, x ∈ Γ.
(5.3)
Here, G is the Green function which is the solution to (cI −∆)G = δ. For x ∈ Γ, ui(x) and
ue(x) represent the limit from C and Ω, respectively. [u] = ui − ue.
The proof is similar to that in [21] and we omit the details.
Lemma 5.4 ([9] Comparison principle on unbounded domain). Let u ∈ C2(Ω)∩C(Ω¯).
Consider an elliptic operator L having the form
Lu = −∆u+ c(u)u,
where c > 0 is continuous. Then
Lu ≤ 0, in Ω,
− ∂u
∂n
≤ 0, on Γ,
lim
|x|→∞
u(x) = 0.
⇒ u ≤ 0.
We also sketch a short proof of Lemma 5.4 in Appendix B.
Now, we are ready to prove the convergence result: Theorem 5.1. We only give a 3D
proof, the 1D case can be shown without the bridge of sup solution.
Proof of Theorem 5.1 in 3D. Construct a sup solution Φ+ which satisfies
−∆Φ+ = ρ∞
Ä
e−Φ
+ − eΦ+
ä
, x ∈ ΩL,
−∂Φ
+
∂n
∣∣∣
Γ
= σf ,
∂Φ+
∂n
∣∣∣
∂BL
= ΣL,
(5.4)
where ΣL =
∥∥∥∥∂Φ∂n
∥∥∥∥
L∞(∂BL)
< +∞.
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Let u1 = Φ
+ − ΦL. According to (5.4) and (5.2), u1 satisfies
−∆u1 + cu1 = 0, x ∈ ΩL,
−∂u1
∂n
∣∣∣
Γ
= 0,
∂u1
∂n
∣∣∣
∂BL
= ΣL,
(5.5)
with c =
2ρ∞ (sinh Φ+ − sinh ΦL)
Φ+ − ΦL = 2ρ∞ cosh Φξu1 ≥ 2ρ∞ bounded below on ΩL. Then by
the maximum principle, we obtain
u1 ≥ 0. (5.6)
Integrating equation (5.5) on ΩL yields∫
∂BL
ΣLdSx =
∫
∂ΩL
∂u1
∂n
dSx =
∫
ΩL
cu1dx.
It follows from the non-negativity of u1 that
‖u1‖L1(ΩL) =
∣∣∣∣∫
ΩL
u1dx
∣∣∣∣ ≤ 2piL2ρ∞ ΣL.
That is,
‖Φ+ − ΦL‖L1(ΩL) ≤
2piL2
ρ∞
‖∇Φ · n‖L∞(∂BL) ≤
2piL2
ρ∞
‖∇Φ‖L∞(∂BL).
Similarly, let u2 = Φ
+ − Φ for x ∈ Ω¯L. Then,
‖Φ+ − Φ‖L1(ΩL) ≤
4piL2
ρ∞
‖∇Φ‖L∞(∂BL).
Hence, one concludes from Proposition 5.2 that there exist positive constants R and C1, C2
such that for L > R,
‖ΦL − Φ‖L1(ΩL) ≤ C2e−C1
√
2ρ∞L.
Theorem 5.1 demonstrates the exponentially decay rate of L1 error of Φ and ΦL in
truncated domain ΩL. This verifies we only need to solve the PB system in ΩL.
6 Numerics
In this section, we use a 1D example to test the effectiveness and convergence of RBM-PB
simulation and a 3D example to show the applicability of RBM-PB to higher dimensional
problems. The numerical results show that RBM works well in solving the PB equation in
both cases.
6.1 A 1D test example
Consider a 1D example with cell C = [−1, 1]. Assume the distribution inside the cell is
ρf = Qfδ(x), which corresponds to a fixed positive point charge at the origin, and the
total free charge Qf ∼ O(ν). Outside the cell, the solution is symmetric 1:1 salt. In order
to sample from the equilibrium distributions ρ+ = ρ∞e−Φ, ρ− = ρ∞eΦ, we only need to
simulate the particles in the bounded area ΩL = (−L, −1) ∪ (1, L) for L large enough as
mentioned before. Moreover, due to symmetry, we focus on the positive half (1, L) and thus
consider the problem ® −νΦ′′L = ρ∞ (e−ΦL − eΦL) , 1 < x < L,
−Φ′L(1) = σf , Φ′L(L) = 0.
(6.1)
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where σf =
1
2νQf ∼ O(1) is the effective surface charge for the right half domain. Notice
that −Φ′L(1) is not Ef (1) in (4.8). In 1D, the Coulomb repulsive force is F (x) = 12ν sgn(x).
Therefore, Ef =
1
2ν
Qf
2 for x ≥ 1. However, since ΦL is the total potential, −Φ′L is the
superposition of Ef and the field generated by ρ+ and ρ−, which is another 12ν
Qf
2 due to
the total net charge −Qf2 in (1, L).
As mentioned in section 2, we do not take the collision effects into consideration. This is
understandable in 1D. It can be regarded as a special case in 3D, which is homogeneous in
the y, z directions, only the x direction is left. So the particles can cross each other freely,
or equivalently, the velocities and charges are exchanged if two of them meet.
In RBM simulation, we use three reflecting techniques to deal with the reflecting process.
Denote the orthogonal projection of x on ΩL as pi(x) = arg miny∈∂ΩL |x− y|. For a particle
Xi out of the truncated domain ΩL, it is projected to the boundary by X
i = pi(Xi) in the
projection scheme. In the reflection scheme, Xi = 2pi(Xi) − Xi, which means finding the
symmetric point inside the domain. While in the penalization scheme, it is pushed inwards
to some extent by Xi = Xi − λ (Xi − pi(Xi)), where λ is the penalty weight. We refer
readers to [33, 34, 32, 40] for more details.
Next, we show the performance of RBM with three numerical reflecting methods with
different scaling parameter ν. In Figure 2, ν = 1, Q+ = 1, Qf = 2ν,N+ = 10
5, L = 15, τ =
0.01ν. The initial distributions are given by ρ0,± ∼ U [7, 8]. We comment that the initial
distributions do not affect the equilibriums. The reference solution of system (6.1) is given by
Newton’s iteration using FD. From Figure 2(Up), we can see that the RBM simulation results
(dotted dashed lines) match well with the FD solution (black solid lines) for all reflecting
methods away from the boundary. Near the boundary, the reflection scheme performs the
best. For penalization scheme, the particles are pushed inwards and cause a density drop.
As for projection scheme, the particles accumulate at the endpoints and cause a density
jump. Besides, the potential is shown in Figure 2(Down). It’s clear that the boundary layer
is O(1) when ν = 1. Similar simulation results when ν = 0.01 is shown in Figure 3. In the
scaling, Q+ = 0.4, Qf = 4ν,N+ = 10
5, L = 15, τ = 0.02ν, the boundary layer is roughly 0.1.
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<latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAF D2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFW TsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMad USncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S 1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAF D2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFW TsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMad USncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S 1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAF D2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFW TsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMad USncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S 1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAF D2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFW TsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMad USncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S 1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit>
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x
<latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAF D2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFW TsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMad USncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S 1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAF D2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFW TsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMad USncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S 1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAF D2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFW TsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMad USncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S 1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAF D2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFW TsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMad USncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S 1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit>
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x
<latexit sha1_base64="MyiEmFnntf+q NJvnSMVFXu6341g=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkoigy6IgLluwD6hFkn RaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2 vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFWTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJ DE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxgl Bs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMadUSncHoFKV3skyalPEFYn+aaeG6cNfub98 R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R 3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXe zigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+q NJvnSMVFXu6341g=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkoigy6IgLluwD6hFkn RaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2 vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFWTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJ DE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxgl Bs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMadUSncHoFKV3skyalPEFYn+aaeG6cNfub98 R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R 3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXe zigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+q NJvnSMVFXu6341g=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkoigy6IgLluwD6hFkn RaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2 vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFWTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJ DE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxgl Bs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMadUSncHoFKV3skyalPEFYn+aaeG6cNfub98 R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R 3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXe zigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+q NJvnSMVFXu6341g=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkoigy6IgLluwD6hFkn RaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2 vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFWTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJ DE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxgl Bs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMadUSncHoFKV3skyalPEFYn+aaeG6cNfub98 R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R 3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXe zigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit>
x
<latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNA FD2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLF WTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMa dUSncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTn e9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNA FD2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLF WTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMa dUSncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTn e9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNA FD2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLF WTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMa dUSncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTn e9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNA FD2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLF WTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMa dUSncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTn e9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit>
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x
<latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNA FD2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLF WTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMa dUSncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTn e9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNA FD2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLF WTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMa dUSncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTn e9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNA FD2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLF WTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMa dUSncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTn e9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNA FD2Nr/quunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLF WTsTLBiFnLXC4ZmOt26ZkHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMa dUSncHoFKV3skyalPEFYn+aaeG6cNfub98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTn e9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit>
 
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Figure 2: Equilibrium distributions(Up) and potential(Down) when ν = 1. FD vs RBM.
Left: penalization; middle: projection; right: reflection.
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Figure 3: Equilibrium distributions(Up) and potential(Down) when ν = 0.01. FD vs RBM.
Left: penalization; middle: projection; right: reflection.
To test the quality of the empirical densities, we test the weak convergence. For a given
test function f(x), we compute the estimated expectation for positive and negative charges
f¯± = 1N±
∑
i∈I± f(X
i(T )). The sampling accuracy is measured via the square root of the
Mean Square Error (MSE) over M independent repetitive experiments
MSE
1
2± :=
Ã
1
M
M∑
m=1
(
f¯
(m)
± −
∫
ΩL
f(x)ρ∗±dx∫
ΩL
f(x)ρ∗±dx
)2
.
Here, m means the m-th experiment, ρ∗± is the reference densities solved by FD. We use
four test functions f1(x) = x, f2(x) = x
2, f3(x) = cos(x/8), f4(x) = exp
(−(x− L/2)2/4).
We test the weak Monte Carlo error for ν = 1. τ = 0.01, Q+ = 1, Qf = 2, L = 15,M = 100.
The results are shown in Figure 4. It’s clear that the RBM simulation is halfth-order, which
coincides with the Monte Carlo convergence rate. Since the three reflecting schemes give
similar convergence results, we only use reflection scheme in the rest of the paper.
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<latexit sha1_base64="kg/SJZecLPZh2JX2fYRqYtrpohM=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYtaC lJOq1D0yRMJmopbvwBt/pl4h/oX3hnnIJaRCckOXPuPWfm3hukEc+k47wWrJnZufmF4mJpaXllda28vtHIklyEzAuTKBGtwM9YxGPmSS4j1koF84dBxJrB4ETFmzdMZDyJL+QoZe2h3495j4e+JMrrddyju0654lQdvexp4BpQgVn1pPyCK3SRIESOIRhiSMIRfGT0XMKFg 5S4NsbECUJcxxnuUSJtTlmMMnxiB/Tt0+7SsDHtlWem1SGdEtErSGljhzQJ5QnC6jRbx3PtrNjfvMfaU91tRP/AeA2Jlbgm9i/dJPO/OlWLRA+HugZONaWaUdWFxiXXXVE3t79UJckhJU7hLsUF4VArJ322tSbTtave+jr+pjMVq/ahyc3xrm5JA3Z/jnMaNPaqrlN1z/cr tWMz6iK2sI1dmucBajhFHR55czziCc/WmZVat9boM9UqGM0mvi3r4QPeyZDY</latexit><latexit sha1_base64="kg/SJZecLPZh2JX2fYRqYtrpohM=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYtaC lJOq1D0yRMJmopbvwBt/pl4h/oX3hnnIJaRCckOXPuPWfm3hukEc+k47wWrJnZufmF4mJpaXllda28vtHIklyEzAuTKBGtwM9YxGPmSS4j1koF84dBxJrB4ETFmzdMZDyJL+QoZe2h3495j4e+JMrrddyju0654lQdvexp4BpQgVn1pPyCK3SRIESOIRhiSMIRfGT0XMKFg 5S4NsbECUJcxxnuUSJtTlmMMnxiB/Tt0+7SsDHtlWem1SGdEtErSGljhzQJ5QnC6jRbx3PtrNjfvMfaU91tRP/AeA2Jlbgm9i/dJPO/OlWLRA+HugZONaWaUdWFxiXXXVE3t79UJckhJU7hLsUF4VArJ322tSbTtave+jr+pjMVq/ahyc3xrm5JA3Z/jnMaNPaqrlN1z/cr tWMz6iK2sI1dmucBajhFHR55czziCc/WmZVat9boM9UqGM0mvi3r4QPeyZDY</latexit><latexit sha1_base64="kg/SJZecLPZh2JX2fYRqYtrpohM=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYtaC lJOq1D0yRMJmopbvwBt/pl4h/oX3hnnIJaRCckOXPuPWfm3hukEc+k47wWrJnZufmF4mJpaXllda28vtHIklyEzAuTKBGtwM9YxGPmSS4j1koF84dBxJrB4ETFmzdMZDyJL+QoZe2h3495j4e+JMrrddyju0654lQdvexp4BpQgVn1pPyCK3SRIESOIRhiSMIRfGT0XMKFg 5S4NsbECUJcxxnuUSJtTlmMMnxiB/Tt0+7SsDHtlWem1SGdEtErSGljhzQJ5QnC6jRbx3PtrNjfvMfaU91tRP/AeA2Jlbgm9i/dJPO/OlWLRA+HugZONaWaUdWFxiXXXVE3t79UJckhJU7hLsUF4VArJ322tSbTtave+jr+pjMVq/ahyc3xrm5JA3Z/jnMaNPaqrlN1z/cr tWMz6iK2sI1dmucBajhFHR55czziCc/WmZVat9boM9UqGM0mvi3r4QPeyZDY</latexit><latexit sha1_base64="kg/SJZecLPZh2JX2fYRqYtrpohM=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYtaC lJOq1D0yRMJmopbvwBt/pl4h/oX3hnnIJaRCckOXPuPWfm3hukEc+k47wWrJnZufmF4mJpaXllda28vtHIklyEzAuTKBGtwM9YxGPmSS4j1koF84dBxJrB4ETFmzdMZDyJL+QoZe2h3495j4e+JMrrddyju0654lQdvexp4BpQgVn1pPyCK3SRIESOIRhiSMIRfGT0XMKFg 5S4NsbECUJcxxnuUSJtTlmMMnxiB/Tt0+7SsDHtlWem1SGdEtErSGljhzQJ5QnC6jRbx3PtrNjfvMfaU91tRP/AeA2Jlbgm9i/dJPO/OlWLRA+HugZONaWaUdWFxiXXXVE3t79UJckhJU7hLsUF4VArJ322tSbTtave+jr+pjMVq/ahyc3xrm5JA3Z/jnMaNPaqrlN1z/cr tWMz6iK2sI1dmucBajhFHR55czziCc/WmZVat9boM9UqGM0mvi3r4QPeyZDY</latexit>
f3 = cos(x/8)
<latexit sha1_base64="uVGKAv/OY3b9/KJ3SjRqOtt8Fwg=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkWom5qoYDdC0Y3LKvYBbSnJdFpD0yQmE 2kpIm79Abf6VeIf6F94Z0xBLaITkpw5954zc++1A9eJhGG8prSZ2bn5hfRiZml5ZXUtu75Rjfw4ZLzCfNcP67YVcdfxeEU4wuX1IOTWwHZ5ze6fynjthoeR43uXYhTw1sDqeU7XYZYgqtVtHxw3mR/lh3vF3XY2ZxQMtfRpYCYgh2SV/ewLmujAB0OMATg8CMIuLET0NGDCQEBcC2PiQkKOinPcIkPamL I4ZVjE9unbo10jYT3aS89IqRmd4tIbklLHDml8ygsJy9N0FY+Vs2R/8x4rT3m3Ef3txGtArMAVsX/pJpn/1claBLooqhocqilQjKyOJS6x6oq8uf6lKkEOAXESdygeEmZKOemzrjSRql321lLxN5UpWblnSW6Md3lLGrD5c5zToLpfMI2CeX6YK50ko05jC9vI0zyPUMIZyqiQ9zUe8YRn7UIbanfa/We qlko0m/i2tIcPvIKTgw==</latexit><latexit sha1_base64="uVGKAv/OY3b9/KJ3SjRqOtt8Fwg=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkWom5qoYDdC0Y3LKvYBbSnJdFpD0yQmE 2kpIm79Abf6VeIf6F94Z0xBLaITkpw5954zc++1A9eJhGG8prSZ2bn5hfRiZml5ZXUtu75Rjfw4ZLzCfNcP67YVcdfxeEU4wuX1IOTWwHZ5ze6fynjthoeR43uXYhTw1sDqeU7XYZYgqtVtHxw3mR/lh3vF3XY2ZxQMtfRpYCYgh2SV/ewLmujAB0OMATg8CMIuLET0NGDCQEBcC2PiQkKOinPcIkPamL I4ZVjE9unbo10jYT3aS89IqRmd4tIbklLHDml8ygsJy9N0FY+Vs2R/8x4rT3m3Ef3txGtArMAVsX/pJpn/1claBLooqhocqilQjKyOJS6x6oq8uf6lKkEOAXESdygeEmZKOemzrjSRql321lLxN5UpWblnSW6Md3lLGrD5c5zToLpfMI2CeX6YK50ko05jC9vI0zyPUMIZyqiQ9zUe8YRn7UIbanfa/We qlko0m/i2tIcPvIKTgw==</latexit><latexit sha1_base64="uVGKAv/OY3b9/KJ3SjRqOtt8Fwg=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkWom5qoYDdC0Y3LKvYBbSnJdFpD0yQmE 2kpIm79Abf6VeIf6F94Z0xBLaITkpw5954zc++1A9eJhGG8prSZ2bn5hfRiZml5ZXUtu75Rjfw4ZLzCfNcP67YVcdfxeEU4wuX1IOTWwHZ5ze6fynjthoeR43uXYhTw1sDqeU7XYZYgqtVtHxw3mR/lh3vF3XY2ZxQMtfRpYCYgh2SV/ewLmujAB0OMATg8CMIuLET0NGDCQEBcC2PiQkKOinPcIkPamL I4ZVjE9unbo10jYT3aS89IqRmd4tIbklLHDml8ygsJy9N0FY+Vs2R/8x4rT3m3Ef3txGtArMAVsX/pJpn/1claBLooqhocqilQjKyOJS6x6oq8uf6lKkEOAXESdygeEmZKOemzrjSRql321lLxN5UpWblnSW6Md3lLGrD5c5zToLpfMI2CeX6YK50ko05jC9vI0zyPUMIZyqiQ9zUe8YRn7UIbanfa/We qlko0m/i2tIcPvIKTgw==</latexit><latexit sha1_base64="uVGKAv/OY3b9/KJ3SjRqOtt8Fwg=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkWom5qoYDdC0Y3LKvYBbSnJdFpD0yQmE 2kpIm79Abf6VeIf6F94Z0xBLaITkpw5954zc++1A9eJhGG8prSZ2bn5hfRiZml5ZXUtu75Rjfw4ZLzCfNcP67YVcdfxeEU4wuX1IOTWwHZ5ze6fynjthoeR43uXYhTw1sDqeU7XYZYgqtVtHxw3mR/lh3vF3XY2ZxQMtfRpYCYgh2SV/ewLmujAB0OMATg8CMIuLET0NGDCQEBcC2PiQkKOinPcIkPamL I4ZVjE9unbo10jYT3aS89IqRmd4tIbklLHDml8ygsJy9N0FY+Vs2R/8x4rT3m3Ef3txGtArMAVsX/pJpn/1claBLooqhocqilQjKyOJS6x6oq8uf6lKkEOAXESdygeEmZKOemzrjSRql321lLxN5UpWblnSW6Md3lLGrD5c5zToLpfMI2CeX6YK50ko05jC9vI0zyPUMIZyqiQ9zUe8YRn7UIbanfa/We qlko0m/i2tIcPvIKTgw==</latexit>
f2 = x
2
<latexit sha1_base64="mehUDQ6CE6TjeQ6ZJ0yp/VRSRRI=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYounHhooJ9QK0lSad1aJqE yUQsxZ0/4FY/TPwD/QvvjFNQi+iEJGfOPefO3Hv9JOSpdJzXnDU3v7C4lF8urKyurW8UN7caaZyJgNWDOIxFy/dSFvKI1SWXIWslgnkjP2RNf3iq4s1bJlIeR5dynLDOyBtEvM8DTxLV7Hcrx3fXlW6x5JQdvexZ4BpQglm1uPiCK/QQI0CGERgiSMIhPKT0tOHCQUJcBxPiBCGu4wz3KJA3IxUjhUfs kL4D2rUNG9Fe5Uy1O6BTQnoFOW3skScmnSCsTrN1PNOZFftb7onOqe42pr9vco2Ilbgh9i/fVPlfn6pFoo8jXQOnmhLNqOoCkyXTXVE3t79UJSlDQpzCPYoLwoF2Tvtsa0+qa1e99XT8TSsVq/aB0WZ4V7ekAbs/xzkLGpWy65Tdi4NS9cSMOo8d7GKf5nmIKs5QQ11X+YgnPFvnlrDG1uRTauWMZxvf lvXwAYaRkX0=</latexit><latexit sha1_base64="mehUDQ6CE6TjeQ6ZJ0yp/VRSRRI=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYounHhooJ9QK0lSad1aJqE yUQsxZ0/4FY/TPwD/QvvjFNQi+iEJGfOPefO3Hv9JOSpdJzXnDU3v7C4lF8urKyurW8UN7caaZyJgNWDOIxFy/dSFvKI1SWXIWslgnkjP2RNf3iq4s1bJlIeR5dynLDOyBtEvM8DTxLV7Hcrx3fXlW6x5JQdvexZ4BpQglm1uPiCK/QQI0CGERgiSMIhPKT0tOHCQUJcBxPiBCGu4wz3KJA3IxUjhUfs kL4D2rUNG9Fe5Uy1O6BTQnoFOW3skScmnSCsTrN1PNOZFftb7onOqe42pr9vco2Ilbgh9i/fVPlfn6pFoo8jXQOnmhLNqOoCkyXTXVE3t79UJSlDQpzCPYoLwoF2Tvtsa0+qa1e99XT8TSsVq/aB0WZ4V7ekAbs/xzkLGpWy65Tdi4NS9cSMOo8d7GKf5nmIKs5QQ11X+YgnPFvnlrDG1uRTauWMZxvf lvXwAYaRkX0=</latexit><latexit sha1_base64="mehUDQ6CE6TjeQ6ZJ0yp/VRSRRI=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYounHhooJ9QK0lSad1aJqE yUQsxZ0/4FY/TPwD/QvvjFNQi+iEJGfOPefO3Hv9JOSpdJzXnDU3v7C4lF8urKyurW8UN7caaZyJgNWDOIxFy/dSFvKI1SWXIWslgnkjP2RNf3iq4s1bJlIeR5dynLDOyBtEvM8DTxLV7Hcrx3fXlW6x5JQdvexZ4BpQglm1uPiCK/QQI0CGERgiSMIhPKT0tOHCQUJcBxPiBCGu4wz3KJA3IxUjhUfs kL4D2rUNG9Fe5Uy1O6BTQnoFOW3skScmnSCsTrN1PNOZFftb7onOqe42pr9vco2Ilbgh9i/fVPlfn6pFoo8jXQOnmhLNqOoCkyXTXVE3t79UJSlDQpzCPYoLwoF2Tvtsa0+qa1e99XT8TSsVq/aB0WZ4V7ekAbs/xzkLGpWy65Tdi4NS9cSMOo8d7GKf5nmIKs5QQ11X+YgnPFvnlrDG1uRTauWMZxvf lvXwAYaRkX0=</latexit><latexit sha1_base64="mehUDQ6CE6TjeQ6ZJ0yp/VRSRRI=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYounHhooJ9QK0lSad1aJqE yUQsxZ0/4FY/TPwD/QvvjFNQi+iEJGfOPefO3Hv9JOSpdJzXnDU3v7C4lF8urKyurW8UN7caaZyJgNWDOIxFy/dSFvKI1SWXIWslgnkjP2RNf3iq4s1bJlIeR5dynLDOyBtEvM8DTxLV7Hcrx3fXlW6x5JQdvexZ4BpQglm1uPiCK/QQI0CGERgiSMIhPKT0tOHCQUJcBxPiBCGu4wz3KJA3IxUjhUfs kL4D2rUNG9Fe5Uy1O6BTQnoFOW3skScmnSCsTrN1PNOZFftb7onOqe42pr9vco2Ilbgh9i/fVPlfn6pFoo8jXQOnmhLNqOoCkyXTXVE3t79UJSlDQpzCPYoLwoF2Tvtsa0+qa1e99XT8TSsVq/aB0WZ4V7ekAbs/xzkLGpWy65Tdi4NS9cSMOo8d7GKf5nmIKs5QQ11X+YgnPFvnlrDG1uRTauWMZxvf lvXwAYaRkX0=</latexit>
N+
<latexit sha1_base64="vNTwnwBBINJm1V+7ZVIuFr81eWA=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuim66kon1ALSWZTmtomoTJRClF 8Afc6qeJf6B/4Z1xCmoRnZDkzLn3nJl7r5+EQSod5zVnzc0vLC7llwsrq2vrG8XNrUYaZ4LxOovDWLR8L+VhEPG6DGTIW4ng3sgPedMfnql485aLNIijKzlOeGfkDaKgHzBPEnV53j3oFktO2dHLngWuASWYVYuLL7hGDzEYMozAEUESDuEhpacNFw4S4jqYECcIBTrOcY8CaTPK4pThETuk74B2bcNGtFeeqV YzOiWkV5DSxh5pYsoThNVpto5n2lmxv3lPtKe625j+vvEaEStxQ+xfumnmf3WqFok+TnQNAdWUaEZVx4xLpruibm5/qUqSQ0Kcwj2KC8JMK6d9trUm1bWr3no6/qYzFav2zORmeFe3pAG7P8c5CxqHZdcpuxdHpcqpGXUeO9jFPs3zGBVUUUOdvAd4xBOeraoVWZl195lq5YxmG9+W9fABm6iP8Q==</latexit ><latexit sha1_base64="vNTwnwBBINJm1V+7ZVIuFr81eWA=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuim66kon1ALSWZTmtomoTJRClF 8Afc6qeJf6B/4Z1xCmoRnZDkzLn3nJl7r5+EQSod5zVnzc0vLC7llwsrq2vrG8XNrUYaZ4LxOovDWLR8L+VhEPG6DGTIW4ng3sgPedMfnql485aLNIijKzlOeGfkDaKgHzBPEnV53j3oFktO2dHLngWuASWYVYuLL7hGDzEYMozAEUESDuEhpacNFw4S4jqYECcIBTrOcY8CaTPK4pThETuk74B2bcNGtFeeqV YzOiWkV5DSxh5pYsoThNVpto5n2lmxv3lPtKe625j+vvEaEStxQ+xfumnmf3WqFok+TnQNAdWUaEZVx4xLpruibm5/qUqSQ0Kcwj2KC8JMK6d9trUm1bWr3no6/qYzFav2zORmeFe3pAG7P8c5CxqHZdcpuxdHpcqpGXUeO9jFPs3zGBVUUUOdvAd4xBOeraoVWZl195lq5YxmG9+W9fABm6iP8Q==</latexit ><latexit sha1_base64="vNTwnwBBINJm1V+7ZVIuFr81eWA=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuim66kon1ALSWZTmtomoTJRClF 8Afc6qeJf6B/4Z1xCmoRnZDkzLn3nJl7r5+EQSod5zVnzc0vLC7llwsrq2vrG8XNrUYaZ4LxOovDWLR8L+VhEPG6DGTIW4ng3sgPedMfnql485aLNIijKzlOeGfkDaKgHzBPEnV53j3oFktO2dHLngWuASWYVYuLL7hGDzEYMozAEUESDuEhpacNFw4S4jqYECcIBTrOcY8CaTPK4pThETuk74B2bcNGtFeeqV YzOiWkV5DSxh5pYsoThNVpto5n2lmxv3lPtKe625j+vvEaEStxQ+xfumnmf3WqFok+TnQNAdWUaEZVx4xLpruibm5/qUqSQ0Kcwj2KC8JMK6d9trUm1bWr3no6/qYzFav2zORmeFe3pAG7P8c5CxqHZdcpuxdHpcqpGXUeO9jFPs3zGBVUUUOdvAd4xBOeraoVWZl195lq5YxmG9+W9fABm6iP8Q==</latexit ><latexit sha1_base64="vNTwnwBBINJm1V+7ZVIuFr81eWA=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuim66kon1ALSWZTmtomoTJRClF 8Afc6qeJf6B/4Z1xCmoRnZDkzLn3nJl7r5+EQSod5zVnzc0vLC7llwsrq2vrG8XNrUYaZ4LxOovDWLR8L+VhEPG6DGTIW4ng3sgPedMfnql485aLNIijKzlOeGfkDaKgHzBPEnV53j3oFktO2dHLngWuASWYVYuLL7hGDzEYMozAEUESDuEhpacNFw4S4jqYECcIBTrOcY8CaTPK4pThETuk74B2bcNGtFeeqV YzOiWkV5DSxh5pYsoThNVpto5n2lmxv3lPtKe625j+vvEaEStxQ+xfumnmf3WqFok+TnQNAdWUaEZVx4xLpruibm5/qUqSQ0Kcwj2KC8JMK6d9trUm1bWr3no6/qYzFav2zORmeFe3pAG7P8c5CxqHZdcpuxdHpcqpGXUeO9jFPs3zGBVUUUOdvAd4xBOeraoVWZl195lq5YxmG9+W9fABm6iP8Q==</latexit >
102 103
10-2
10-1
f4 = exp( (x  L/2)2/4)
<latexit sha1_base64="Y6qHiL31fXoeYmq6tkD+3RA25Ng=">AAAC23icjVHLSsNAFD3G97squHETLEK7sCaloBuh6MaFCwVbBa0liVMdmheTiViqK3fi1h9wq /8j/oH+hXfGFNQiOiHJmXPvOTP3Xjf2eSIt63XAGBwaHhkdG5+YnJqemc3NzdeTKBUeq3mRH4kj10mYz0NWk1z67CgWzAlcnx267W0VP7xkIuFReCA7MWsEznnIW9xzJFHN3GKrWdk8YVdxYbVwtbq7Vi6eltcqxWYub5Usvcx+YGcgj2ztRbkXnOAMETykCMAQQhL24SCh5xg2LMTENdAlThDiOs5wgwnSppTFKMMhtk3fc9odZ2xIe+ WZaLVHp/j0ClKaWCFNRHmCsDrN1PFUOyv2N++u9lR369DfzbwCYiUuiP1L18v8r07VItHChq6BU02xZlR1XuaS6q6om5tfqpLkEBOn8BnFBWFPK3t9NrUm0bWr3jo6/qYzFav2Xpab4l3dkgZs/xxnP6iXS7ZVsvcr+epWNuoxLGEZBZrnOqrYwR5q5H2NRzzh2WgYt8adcf+ZagxkmgV8W8bDB2O4lfs=</latexit><latexit sha1_base64="Y6qHiL31fXoeYmq6tkD+3RA25Ng=">AAAC23icjVHLSsNAFD3G97squHETLEK7sCaloBuh6MaFCwVbBa0liVMdmheTiViqK3fi1h9wq /8j/oH+hXfGFNQiOiHJmXPvOTP3Xjf2eSIt63XAGBwaHhkdG5+YnJqemc3NzdeTKBUeq3mRH4kj10mYz0NWk1z67CgWzAlcnx267W0VP7xkIuFReCA7MWsEznnIW9xzJFHN3GKrWdk8YVdxYbVwtbq7Vi6eltcqxWYub5Usvcx+YGcgj2ztRbkXnOAMETykCMAQQhL24SCh5xg2LMTENdAlThDiOs5wgwnSppTFKMMhtk3fc9odZ2xIe+ WZaLVHp/j0ClKaWCFNRHmCsDrN1PFUOyv2N++u9lR369DfzbwCYiUuiP1L18v8r07VItHChq6BU02xZlR1XuaS6q6om5tfqpLkEBOn8BnFBWFPK3t9NrUm0bWr3jo6/qYzFav2Xpab4l3dkgZs/xxnP6iXS7ZVsvcr+epWNuoxLGEZBZrnOqrYwR5q5H2NRzzh2WgYt8adcf+ZagxkmgV8W8bDB2O4lfs=</latexit><latexit sha1_base64="Y6qHiL31fXoeYmq6tkD+3RA25Ng=">AAAC23icjVHLSsNAFD3G97squHETLEK7sCaloBuh6MaFCwVbBa0liVMdmheTiViqK3fi1h9wq /8j/oH+hXfGFNQiOiHJmXPvOTP3Xjf2eSIt63XAGBwaHhkdG5+YnJqemc3NzdeTKBUeq3mRH4kj10mYz0NWk1z67CgWzAlcnx267W0VP7xkIuFReCA7MWsEznnIW9xzJFHN3GKrWdk8YVdxYbVwtbq7Vi6eltcqxWYub5Usvcx+YGcgj2ztRbkXnOAMETykCMAQQhL24SCh5xg2LMTENdAlThDiOs5wgwnSppTFKMMhtk3fc9odZ2xIe+ WZaLVHp/j0ClKaWCFNRHmCsDrN1PFUOyv2N++u9lR369DfzbwCYiUuiP1L18v8r07VItHChq6BU02xZlR1XuaS6q6om5tfqpLkEBOn8BnFBWFPK3t9NrUm0bWr3jo6/qYzFav2Xpab4l3dkgZs/xxnP6iXS7ZVsvcr+epWNuoxLGEZBZrnOqrYwR5q5H2NRzzh2WgYt8adcf+ZagxkmgV8W8bDB2O4lfs=</latexit><latexit sha1_base64="Y6qHiL31fXoeYmq6tkD+3RA25Ng=">AAAC23icjVHLSsNAFD3G97squHETLEK7sCaloBuh6MaFCwVbBa0liVMdmheTiViqK3fi1h9wq /8j/oH+hXfGFNQiOiHJmXPvOTP3Xjf2eSIt63XAGBwaHhkdG5+YnJqemc3NzdeTKBUeq3mRH4kj10mYz0NWk1z67CgWzAlcnx267W0VP7xkIuFReCA7MWsEznnIW9xzJFHN3GKrWdk8YVdxYbVwtbq7Vi6eltcqxWYub5Usvcx+YGcgj2ztRbkXnOAMETykCMAQQhL24SCh5xg2LMTENdAlThDiOs5wgwnSppTFKMMhtk3fc9odZ2xIe+ WZaLVHp/j0ClKaWCFNRHmCsDrN1PFUOyv2N++u9lR369DfzbwCYiUuiP1L18v8r07VItHChq6BU02xZlR1XuaS6q6om5tfqpLkEBOn8BnFBWFPK3t9NrUm0bWr3jo6/qYzFav2Xpab4l3dkgZs/xxnP6iXS7ZVsvcr+epWNuoxLGEZBZrnOqrYwR5q5H2NRzzh2WgYt8adcf+ZagxkmgV8W8bDB2O4lfs=</latexit>
M
S
E
1 2  
<latexit sha1_base64="gh+db2ahp4riG3LtAg7F67DWLMw="></latexit><latexit sha1_base64="gh+db2ahp4riG3LtAg7F67DWLMw="></latexit><latexit sha1_base64="gh+db2ahp4riG3LtAg7F67DWLMw="></latexit><latexit sha1_base64="gh+db2ahp4riG3LtAg7F67DWLMw="></latexit>
102 103
10-2
10-1
102 103
10-2
10-1
102 103
10-2
10-1
f1 = x
<latexit sha1_base64="kg/SJZecLPZh2JX2fYRqYtrpohM=" >AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYtaClJOq1D0yRMJmopbvwBt/pl4h/oX3hnnIJaRCckOXPuPWfm3huk Ec+k47wWrJnZufmF4mJpaXllda28vtHIklyEzAuTKBGtwM9YxGPmSS4j1koF84dBxJrB4ETFmzdMZDyJL+QoZe2h3495j4e+JMrrdd yju0654lQdvexp4BpQgVn1pPyCK3SRIESOIRhiSMIRfGT0XMKFg5S4NsbECUJcxxnuUSJtTlmMMnxiB/Tt0+7SsDHtlWem1SGdEtE rSGljhzQJ5QnC6jRbx3PtrNjfvMfaU91tRP/AeA2Jlbgm9i/dJPO/OlWLRA+HugZONaWaUdWFxiXXXVE3t79UJckhJU7hLsUF4VAr J322tSbTtave+jr+pjMVq/ahyc3xrm5JA3Z/jnMaNPaqrlN1z/crtWMz6iK2sI1dmucBajhFHR55czziCc/WmZVat9boM9UqGM0mvi 3r4QPeyZDY</latexit><latexit sha1_base64="kg/SJZecLPZh2JX2fYRqYtrpohM=" >AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYtaClJOq1D0yRMJmopbvwBt/pl4h/oX3hnnIJaRCckOXPuPWfm3huk Ec+k47wWrJnZufmF4mJpaXllda28vtHIklyEzAuTKBGtwM9YxGPmSS4j1koF84dBxJrB4ETFmzdMZDyJL+QoZe2h3495j4e+JMrrdd yju0654lQdvexp4BpQgVn1pPyCK3SRIESOIRhiSMIRfGT0XMKFg5S4NsbECUJcxxnuUSJtTlmMMnxiB/Tt0+7SsDHtlWem1SGdEtE rSGljhzQJ5QnC6jRbx3PtrNjfvMfaU91tRP/AeA2Jlbgm9i/dJPO/OlWLRA+HugZONaWaUdWFxiXXXVE3t79UJckhJU7hLsUF4VAr J322tSbTtave+jr+pjMVq/ahyc3xrm5JA3Z/jnMaNPaqrlN1z/crtWMz6iK2sI1dmucBajhFHR55czziCc/WmZVat9boM9UqGM0mvi 3r4QPeyZDY</latexit><latexit sha1_base64="kg/SJZecLPZh2JX2fYRqYtrpohM=" >AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYtaClJOq1D0yRMJmopbvwBt/pl4h/oX3hnnIJaRCckOXPuPWfm3huk Ec+k47wWrJnZufmF4mJpaXllda28vtHIklyEzAuTKBGtwM9YxGPmSS4j1koF84dBxJrB4ETFmzdMZDyJL+QoZe2h3495j4e+JMrrdd yju0654lQdvexp4BpQgVn1pPyCK3SRIESOIRhiSMIRfGT0XMKFg5S4NsbECUJcxxnuUSJtTlmMMnxiB/Tt0+7SsDHtlWem1SGdEtE rSGljhzQJ5QnC6jRbx3PtrNjfvMfaU91tRP/AeA2Jlbgm9i/dJPO/OlWLRA+HugZONaWaUdWFxiXXXVE3t79UJckhJU7hLsUF4VAr J322tSbTtave+jr+pjMVq/ahyc3xrm5JA3Z/jnMaNPaqrlN1z/crtWMz6iK2sI1dmucBajhFHR55czziCc/WmZVat9boM9UqGM0mvi 3r4QPeyZDY</latexit><latexit sha1_base64="kg/SJZecLPZh2JX2fYRqYtrpohM=" >AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYtaClJOq1D0yRMJmopbvwBt/pl4h/oX3hnnIJaRCckOXPuPWfm3huk Ec+k47wWrJnZufmF4mJpaXllda28vtHIklyEzAuTKBGtwM9YxGPmSS4j1koF84dBxJrB4ETFmzdMZDyJL+QoZe2h3495j4e+JMrrdd yju0654lQdvexp4BpQgVn1pPyCK3SRIESOIRhiSMIRfGT0XMKFg5S4NsbECUJcxxnuUSJtTlmMMnxiB/Tt0+7SsDHtlWem1SGdEtE rSGljhzQJ5QnC6jRbx3PtrNjfvMfaU91tRP/AeA2Jlbgm9i/dJPO/OlWLRA+HugZONaWaUdWFxiXXXVE3t79UJckhJU7hLsUF4VAr J322tSbTtave+jr+pjMVq/ahyc3xrm5JA3Z/jnMaNPaqrlN1z/crtWMz6iK2sI1dmucBajhFHR55czziCc/WmZVat9boM9UqGM0mvi 3r4QPeyZDY</latexit>
f3 = cos(x/8)
<latexit sha1_base64="uVGKAv/OY3b9/KJ3SjRqOtt8Fwg=">AAAC0 HicjVHLSsNAFD2Nr1pfVZdugkWom5qoYDdC0Y3LKvYBbSnJdFpD0yQmE2kpIm79Abf6VeIf6F94Z0xBLaITkpw5954zc++1A9eJhGG8prSZ2bn5h fRiZml5ZXUtu75Rjfw4ZLzCfNcP67YVcdfxeEU4wuX1IOTWwHZ5ze6fynjthoeR43uXYhTw1sDqeU7XYZYgqtVtHxw3mR/lh3vF3XY2ZxQMtfRpY CYgh2SV/ewLmujAB0OMATg8CMIuLET0NGDCQEBcC2PiQkKOinPcIkPamLI4ZVjE9unbo10jYT3aS89IqRmd4tIbklLHDml8ygsJy9N0FY+Vs2R/8 x4rT3m3Ef3txGtArMAVsX/pJpn/1claBLooqhocqilQjKyOJS6x6oq8uf6lKkEOAXESdygeEmZKOemzrjSRql321lLxN5UpWblnSW6Md3lLGrD5c 5zToLpfMI2CeX6YK50ko05jC9vI0zyPUMIZyqiQ9zUe8YRn7UIbanfa/Weqlko0m/i2tIcPvIKTgw==</latexit><latexit sha1_base64="uVGKAv/OY3b9/KJ3SjRqOtt8Fwg=">AAAC0 HicjVHLSsNAFD2Nr1pfVZdugkWom5qoYDdC0Y3LKvYBbSnJdFpD0yQmE2kpIm79Abf6VeIf6F94Z0xBLaITkpw5954zc++1A9eJhGG8prSZ2bn5h fRiZml5ZXUtu75Rjfw4ZLzCfNcP67YVcdfxeEU4wuX1IOTWwHZ5ze6fynjthoeR43uXYhTw1sDqeU7XYZYgqtVtHxw3mR/lh3vF3XY2ZxQMtfRpY CYgh2SV/ewLmujAB0OMATg8CMIuLET0NGDCQEBcC2PiQkKOinPcIkPamLI4ZVjE9unbo10jYT3aS89IqRmd4tIbklLHDml8ygsJy9N0FY+Vs2R/8 x4rT3m3Ef3txGtArMAVsX/pJpn/1claBLooqhocqilQjKyOJS6x6oq8uf6lKkEOAXESdygeEmZKOemzrjSRql321lLxN5UpWblnSW6Md3lLGrD5c 5zToLpfMI2CeX6YK50ko05jC9vI0zyPUMIZyqiQ9zUe8YRn7UIbanfa/Weqlko0m/i2tIcPvIKTgw==</latexit><latexit sha1_base64="uVGKAv/OY3b9/KJ3SjRqOtt8Fwg=">AAAC0 HicjVHLSsNAFD2Nr1pfVZdugkWom5qoYDdC0Y3LKvYBbSnJdFpD0yQmE2kpIm79Abf6VeIf6F94Z0xBLaITkpw5954zc++1A9eJhGG8prSZ2bn5h fRiZml5ZXUtu75Rjfw4ZLzCfNcP67YVcdfxeEU4wuX1IOTWwHZ5ze6fynjthoeR43uXYhTw1sDqeU7XYZYgqtVtHxw3mR/lh3vF3XY2ZxQMtfRpY CYgh2SV/ewLmujAB0OMATg8CMIuLET0NGDCQEBcC2PiQkKOinPcIkPamLI4ZVjE9unbo10jYT3aS89IqRmd4tIbklLHDml8ygsJy9N0FY+Vs2R/8 x4rT3m3Ef3txGtArMAVsX/pJpn/1claBLooqhocqilQjKyOJS6x6oq8uf6lKkEOAXESdygeEmZKOemzrjSRql321lLxN5UpWblnSW6Md3lLGrD5c 5zToLpfMI2CeX6YK50ko05jC9vI0zyPUMIZyqiQ9zUe8YRn7UIbanfa/Weqlko0m/i2tIcPvIKTgw==</latexit><latexit sha1_base64="uVGKAv/OY3b9/KJ3SjRqOtt8Fwg=">AAAC0 HicjVHLSsNAFD2Nr1pfVZdugkWom5qoYDdC0Y3LKvYBbSnJdFpD0yQmE2kpIm79Abf6VeIf6F94Z0xBLaITkpw5954zc++1A9eJhGG8prSZ2bn5h fRiZml5ZXUtu75Rjfw4ZLzCfNcP67YVcdfxeEU4wuX1IOTWwHZ5ze6fynjthoeR43uXYhTw1sDqeU7XYZYgqtVtHxw3mR/lh3vF3XY2ZxQMtfRpY CYgh2SV/ewLmujAB0OMATg8CMIuLET0NGDCQEBcC2PiQkKOinPcIkPamLI4ZVjE9unbo10jYT3aS89IqRmd4tIbklLHDml8ygsJy9N0FY+Vs2R/8 x4rT3m3Ef3txGtArMAVsX/pJpn/1claBLooqhocqilQjKyOJS6x6oq8uf6lKkEOAXESdygeEmZKOemzrjSRql321lLxN5UpWblnSW6Md3lLGrD5c 5zToLpfMI2CeX6YK50ko05jC9vI0zyPUMIZyqiQ9zUe8YRn7UIbanfa/Weqlko0m/i2tIcPvIKTgw==</latexit>
f2 = x
2
<latexit sha1_base64="mehUDQ6CE6TjeQ6ZJ0yp/VRSRRI=">AAAC ynicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYounHhooJ9QK0lSad1aJqEyUQsxZ0/4FY/TPwD/QvvjFNQi+iEJGfOPefO3Hv9JOSpdJzXnDU3v7C4 lF8urKyurW8UN7caaZyJgNWDOIxFy/dSFvKI1SWXIWslgnkjP2RNf3iq4s1bJlIeR5dynLDOyBtEvM8DTxLV7Hcrx3fXlW6x5JQdvexZ4BpQglm 1uPiCK/QQI0CGERgiSMIhPKT0tOHCQUJcBxPiBCGu4wz3KJA3IxUjhUfskL4D2rUNG9Fe5Uy1O6BTQnoFOW3skScmnSCsTrN1PNOZFftb7onOqe4 2pr9vco2Ilbgh9i/fVPlfn6pFoo8jXQOnmhLNqOoCkyXTXVE3t79UJSlDQpzCPYoLwoF2Tvtsa0+qa1e99XT8TSsVq/aB0WZ4V7ekAbs/xzkLGpW y65Tdi4NS9cSMOo8d7GKf5nmIKs5QQ11X+YgnPFvnlrDG1uRTauWMZxvflvXwAYaRkX0=</latexit><latexit sha1_base64="mehUDQ6CE6TjeQ6ZJ0yp/VRSRRI=">AAAC ynicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYounHhooJ9QK0lSad1aJqEyUQsxZ0/4FY/TPwD/QvvjFNQi+iEJGfOPefO3Hv9JOSpdJzXnDU3v7C4 lF8urKyurW8UN7caaZyJgNWDOIxFy/dSFvKI1SWXIWslgnkjP2RNf3iq4s1bJlIeR5dynLDOyBtEvM8DTxLV7Hcrx3fXlW6x5JQdvexZ4BpQglm 1uPiCK/QQI0CGERgiSMIhPKT0tOHCQUJcBxPiBCGu4wz3KJA3IxUjhUfskL4D2rUNG9Fe5Uy1O6BTQnoFOW3skScmnSCsTrN1PNOZFftb7onOqe4 2pr9vco2Ilbgh9i/fVPlfn6pFoo8jXQOnmhLNqOoCkyXTXVE3t79UJSlDQpzCPYoLwoF2Tvtsa0+qa1e99XT8TSsVq/aB0WZ4V7ekAbs/xzkLGpW y65Tdi4NS9cSMOo8d7GKf5nmIKs5QQ11X+YgnPFvnlrDG1uRTauWMZxvflvXwAYaRkX0=</latexit><latexit sha1_base64="mehUDQ6CE6TjeQ6ZJ0yp/VRSRRI=">AAAC ynicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYounHhooJ9QK0lSad1aJqEyUQsxZ0/4FY/TPwD/QvvjFNQi+iEJGfOPefO3Hv9JOSpdJzXnDU3v7C4 lF8urKyurW8UN7caaZyJgNWDOIxFy/dSFvKI1SWXIWslgnkjP2RNf3iq4s1bJlIeR5dynLDOyBtEvM8DTxLV7Hcrx3fXlW6x5JQdvexZ4BpQglm 1uPiCK/QQI0CGERgiSMIhPKT0tOHCQUJcBxPiBCGu4wz3KJA3IxUjhUfskL4D2rUNG9Fe5Uy1O6BTQnoFOW3skScmnSCsTrN1PNOZFftb7onOqe4 2pr9vco2Ilbgh9i/fVPlfn6pFoo8jXQOnmhLNqOoCkyXTXVE3t79UJSlDQpzCPYoLwoF2Tvtsa0+qa1e99XT8TSsVq/aB0WZ4V7ekAbs/xzkLGpW y65Tdi4NS9cSMOo8d7GKf5nmIKs5QQ11X+YgnPFvnlrDG1uRTauWMZxvflvXwAYaRkX0=</latexit><latexit sha1_base64="mehUDQ6CE6TjeQ6ZJ0yp/VRSRRI=">AAAC ynicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYounHhooJ9QK0lSad1aJqEyUQsxZ0/4FY/TPwD/QvvjFNQi+iEJGfOPefO3Hv9JOSpdJzXnDU3v7C4 lF8urKyurW8UN7caaZyJgNWDOIxFy/dSFvKI1SWXIWslgnkjP2RNf3iq4s1bJlIeR5dynLDOyBtEvM8DTxLV7Hcrx3fXlW6x5JQdvexZ4BpQglm 1uPiCK/QQI0CGERgiSMIhPKT0tOHCQUJcBxPiBCGu4wz3KJA3IxUjhUfskL4D2rUNG9Fe5Uy1O6BTQnoFOW3skScmnSCsTrN1PNOZFftb7onOqe4 2pr9vco2Ilbgh9i/fVPlfn6pFoo8jXQOnmhLNqOoCkyXTXVE3t79UJSlDQpzCPYoLwoF2Tvtsa0+qa1e99XT8TSsVq/aB0WZ4V7ekAbs/xzkLGpW y65Tdi4NS9cSMOo8d7GKf5nmIKs5QQ11X+YgnPFvnlrDG1uRTauWMZxvflvXwAYaRkX0=</latexit>
M
S
E
1 2 +
<latexit sha1_base64="eIg12lthgbOG7WiTk5djSxGHP5E="></latexit><latexit sha1_base64="eIg12lthgbOG7WiTk5djSxGHP5E="></latexit><latexit sha1_base64="eIg12lthgbOG7WiTk5djSxGHP5E="></latexit><latexit sha1_base64="eIg12lthgbOG7WiTk5djSxGHP5E="></latexit>
N+
<latexit sha1_base64="vNTwnwBBINJm1V+7ZVIuFr81eWA=">AAACxn icjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuim66kon1ALSWZTmtomoTJRClF8Afc6qeJf6B/4Z1xCmoRnZDkzLn3nJl7r5+EQSod5zVnzc0vLC7llwsrq 2vrG8XNrUYaZ4LxOovDWLR8L+VhEPG6DGTIW4ng3sgPedMfnql485aLNIijKzlOeGfkDaKgHzBPEnV53j3oFktO2dHLngWuASWYVYuLL7hGDzEYMozA EUESDuEhpacNFw4S4jqYECcIBTrOcY8CaTPK4pThETuk74B2bcNGtFeeqVYzOiWkV5DSxh5pYsoThNVpto5n2lmxv3lPtKe625j+vvEaEStxQ+xfumn mf3WqFok+TnQNAdWUaEZVx4xLpruibm5/qUqSQ0Kcwj2KC8JMK6d9trUm1bWr3no6/qYzFav2zORmeFe3pAG7P8c5CxqHZdcpuxdHpcqpGXUeO9jFPs 3zGBVUUUOdvAd4xBOeraoVWZl195lq5YxmG9+W9fABm6iP8Q==</latexit><latexit sha1_base64="vNTwnwBBINJm1V+7ZVIuFr81eWA=">AAACxn icjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuim66kon1ALSWZTmtomoTJRClF8Afc6qeJf6B/4Z1xCmoRnZDkzLn3nJl7r5+EQSod5zVnzc0vLC7llwsrq 2vrG8XNrUYaZ4LxOovDWLR8L+VhEPG6DGTIW4ng3sgPedMfnql485aLNIijKzlOeGfkDaKgHzBPEnV53j3oFktO2dHLngWuASWYVYuLL7hGDzEYMozA EUESDuEhpacNFw4S4jqYECcIBTrOcY8CaTPK4pThETuk74B2bcNGtFeeqVYzOiWkV5DSxh5pYsoThNVpto5n2lmxv3lPtKe625j+vvEaEStxQ+xfumn mf3WqFok+TnQNAdWUaEZVx4xLpruibm5/qUqSQ0Kcwj2KC8JMK6d9trUm1bWr3no6/qYzFav2zORmeFe3pAG7P8c5CxqHZdcpuxdHpcqpGXUeO9jFPs 3zGBVUUUOdvAd4xBOeraoVWZl195lq5YxmG9+W9fABm6iP8Q==</latexit><latexit sha1_base64="vNTwnwBBINJm1V+7ZVIuFr81eWA=">AAACxn icjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuim66kon1ALSWZTmtomoTJRClF8Afc6qeJf6B/4Z1xCmoRnZDkzLn3nJl7r5+EQSod5zVnzc0vLC7llwsrq 2vrG8XNrUYaZ4LxOovDWLR8L+VhEPG6DGTIW4ng3sgPedMfnql485aLNIijKzlOeGfkDaKgHzBPEnV53j3oFktO2dHLngWuASWYVYuLL7hGDzEYMozA EUESDuEhpacNFw4S4jqYECcIBTrOcY8CaTPK4pThETuk74B2bcNGtFeeqVYzOiWkV5DSxh5pYsoThNVpto5n2lmxv3lPtKe625j+vvEaEStxQ+xfumn mf3WqFok+TnQNAdWUaEZVx4xLpruibm5/qUqSQ0Kcwj2KC8JMK6d9trUm1bWr3no6/qYzFav2zORmeFe3pAG7P8c5CxqHZdcpuxdHpcqpGXUeO9jFPs 3zGBVUUUOdvAd4xBOeraoVWZl195lq5YxmG9+W9fABm6iP8Q==</latexit><latexit sha1_base64="vNTwnwBBINJm1V+7ZVIuFr81eWA=">AAACxn icjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuim66kon1ALSWZTmtomoTJRClF8Afc6qeJf6B/4Z1xCmoRnZDkzLn3nJl7r5+EQSod5zVnzc0vLC7llwsrq 2vrG8XNrUYaZ4LxOovDWLR8L+VhEPG6DGTIW4ng3sgPedMfnql485aLNIijKzlOeGfkDaKgHzBPEnV53j3oFktO2dHLngWuASWYVYuLL7hGDzEYMozA EUESDuEhpacNFw4S4jqYECcIBTrOcY8CaTPK4pThETuk74B2bcNGtFeeqVYzOiWkV5DSxh5pYsoThNVpto5n2lmxv3lPtKe625j+vvEaEStxQ+xfumn mf3WqFok+TnQNAdWUaEZVx4xLpruibm5/qUqSQ0Kcwj2KC8JMK6d9trUm1bWr3no6/qYzFav2zORmeFe3pAG7P8c5CxqHZdcpuxdHpcqpGXUeO9jFPs 3zGBVUUUOdvAd4xBOeraoVWZl195lq5YxmG9+W9fABm6iP8Q==</latexit>
102 103
10-2
10-1
f4 = exp( (x  L/2)2/4)
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Figure 4: MSE
1
2± error of RBM-PB versus positive particle number N+ when ν = 1. In each
subfigure, the red dashed line denotes the reference slope of 12 , the yellow square, red triangle
and blue circle represent for penalization, projection and reflection schemes respectively.
16
In former tests, we check the validity and convergence rate of RBM for PB equation
with the total positive charge Q+ given. Next, consider the problem where ρ∞ is given
instead of Q+ and test the iterative method proposed in Algorithm 1. Given ρ∞ = 0.0218,
fix ν = 1, L = 30, Qf = 2ν, Tc = 50, q = 1e − 4,  = 1e − 5, τ = 0.1, one iteration result is
shown in Figure 5. After 9 iterations, the RBM simulation reaches the equilibrium state in
comparison with the reference FD result. This verifies that the efficient RBM method can
also be applied to the case where Q+ is unknown.
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Figure 5: Left: trajectory of ρ¯+; middle: trajectory of Q+; right: equilibrium distributions.
Moreover, this physical model (a charged cell in some electrolyte solution) can be re-
garded as a capacitor. The differential capacitance is defined by
C =
dQf
dV
,
where V = Φ(1)−Φ(L) is the voltage. Figure 6 shows it is feasible to measure the differential
capacitance by RBM using iterative Algorithm 1 under different scalings. The concentration
of the electrolyte solution, i.e. ρ∞, is set to be 0.0218.
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Figure 6: Differential capacitance for 1D example with fixed ρ∞ = 0.0218.
6.2 A 3D example
Assume the cell C = {x ∈ R3 : |x| < R} is a sphere centered at the origin with some positive
charge ρf = Qfδ(x− xc) in it. Consider a 3D example for symmetric 1:1 salt
−ν∆Φ = ρ∞
(
e−Φ − eΦ) , x ∈ Ω.
As before, we only need to simulate the particles inside a sufficiently large domain ΩL =
{x ∈ R3 : R ≤ |x| ≤ L}. We adopt the splitting strategy introduced in section 4.4.2. The
external field here is Ef (x) =
x− xc
4piν|x− xc|3 .
6.2.1 Spherical symmetric case
When the free charge is in the center of C, i.e. xc = [0, 0, 0], the equilibrium distributions
of positive and negative charges outside the cell are spherical symmetric. Therefore, the
17
approximate problem is equivalent to the following{ −νΦ¨L − 2νr Φ˙L = ρ∞ (e−ΦL − eΦL) , R < x < L,
−Φ˙L(R) = σf , Φ˙L(L) = 0.
(6.2)
Here, ”·” means the derivative of r. σf = 14piR2νQf due to symmetry.
To weaken the random fluctuation, we collect the samples from 100 time steps after
the system reaches the equilibrium state. Therefore, we can use relatively small number
of particles. The RBM-PB simulation results for ν = 1, 0.1, 0.01 are shown in Figure 7 in
comparison with FD. In these tests, R = 1, L = 10, Q+ = 20, Qf = 10ν,N+ = 10
4, τ =
0.01ν. Again, RBM-PB can match the FD, which tells RBM is also useful in 3D.
⌫ = 1
<latexit sha1_base64="84ucRd94avn7h4 Iwpu7W6VlHXRY=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYttEWS6bQO TZMwmSiluPEH3OqXiX+gf+GdMQW1iE5Icubce87MvTdIQpEqx3ktWHPzC4tLxeXSyura+kZ5 c6uRxplk3GNxGMtW4Kc8FBH3lFAhbyWS+6Mg5M1geKbjzVsuUxFHV2qc8O7IH0SiL5iviPI6 UXbiXpcrTtUxy54Fbg4qyFc9Lr+ggx5iMGQYgSOCIhzCR0pPGy4cJMR1MSFOEhImznGPEmkz yuKU4RM7pO+Adu2cjWivPVOjZnRKSK8kpY090sSUJwnr02wTz4yzZn/znhhPfbcx/YPca0Ss wg2xf+mmmf/V6VoU+jg2NQiqKTGMro7lLpnpir65/aUqRQ4JcRr3KC4JM6Oc9tk2mtTUrnvr m/ibydSs3rM8N8O7viUN2P05zlnQOKi6TtW9PKzUTvNRF7GDXezTPI9Qwznq8Mhb4BFPeLYu rMS6s8afqVYh12zj27IePgDkFpDa</latexit><latexit sha1_base64="84ucRd94avn7h4 Iwpu7W6VlHXRY=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYttEWS6bQO TZMwmSiluPEH3OqXiX+gf+GdMQW1iE5Icubce87MvTdIQpEqx3ktWHPzC4tLxeXSyura+kZ5 c6uRxplk3GNxGMtW4Kc8FBH3lFAhbyWS+6Mg5M1geKbjzVsuUxFHV2qc8O7IH0SiL5iviPI6 UXbiXpcrTtUxy54Fbg4qyFc9Lr+ggx5iMGQYgSOCIhzCR0pPGy4cJMR1MSFOEhImznGPEmkz yuKU4RM7pO+Adu2cjWivPVOjZnRKSK8kpY090sSUJwnr02wTz4yzZn/znhhPfbcx/YPca0Ss wg2xf+mmmf/V6VoU+jg2NQiqKTGMro7lLpnpir65/aUqRQ4JcRr3KC4JM6Oc9tk2mtTUrnvr m/ibydSs3rM8N8O7viUN2P05zlnQOKi6TtW9PKzUTvNRF7GDXezTPI9Qwznq8Mhb4BFPeLYu rMS6s8afqVYh12zj27IePgDkFpDa</latexit><latexit sha1_base64="84ucRd94avn7h4 Iwpu7W6VlHXRY=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYttEWS6bQO TZMwmSiluPEH3OqXiX+gf+GdMQW1iE5Icubce87MvTdIQpEqx3ktWHPzC4tLxeXSyura+kZ5 c6uRxplk3GNxGMtW4Kc8FBH3lFAhbyWS+6Mg5M1geKbjzVsuUxFHV2qc8O7IH0SiL5iviPI6 UXbiXpcrTtUxy54Fbg4qyFc9Lr+ggx5iMGQYgSOCIhzCR0pPGy4cJMR1MSFOEhImznGPEmkz yuKU4RM7pO+Adu2cjWivPVOjZnRKSK8kpY090sSUJwnr02wTz4yzZn/znhhPfbcx/YPca0Ss wg2xf+mmmf/V6VoU+jg2NQiqKTGMro7lLpnpir65/aUqRQ4JcRr3KC4JM6Oc9tk2mtTUrnvr m/ibydSs3rM8N8O7viUN2P05zlnQOKi6TtW9PKzUTvNRF7GDXezTPI9Qwznq8Mhb4BFPeLYu rMS6s8afqVYh12zj27IePgDkFpDa</latexit><latexit sha1_base64="84ucRd94avn7h4 Iwpu7W6VlHXRY=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3YirCqYttEWS6bQO TZMwmSiluPEH3OqXiX+gf+GdMQW1iE5Icubce87MvTdIQpEqx3ktWHPzC4tLxeXSyura+kZ5 c6uRxplk3GNxGMtW4Kc8FBH3lFAhbyWS+6Mg5M1geKbjzVsuUxFHV2qc8O7IH0SiL5iviPI6 UXbiXpcrTtUxy54Fbg4qyFc9Lr+ggx5iMGQYgSOCIhzCR0pPGy4cJMR1MSFOEhImznGPEmkz yuKU4RM7pO+Adu2cjWivPVOjZnRKSK8kpY090sSUJwnr02wTz4yzZn/znhhPfbcx/YPca0Ss wg2xf+mmmf/V6VoU+jg2NQiqKTGMro7lLpnpir65/aUqRQ4JcRr3KC4JM6Oc9tk2mtTUrnvr m/ibydSs3rM8N8O7viUN2P05zlnQOKi6TtW9PKzUTvNRF7GDXezTPI9Qwznq8Mhb4BFPeLYu rMS6s8afqVYh12zj27IePgDkFpDa</latexit>
r
<latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACx HicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW1 9Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIo QgLBMjo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/ yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/nOOdB66jqe1W/cVypndlRF7GHfRzS PE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACx HicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW1 9Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIo QgLBMjo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/ yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/nOOdB66jqe1W/cVypndlRF7GHfRzS PE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACx HicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW1 9Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIo QgLBMjo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/ yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/nOOdB66jqe1W/cVypndlRF7GHfRzS PE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit><latexit sha1_base64="NQLme2DjYhpxjzVmYR57QeHGz7Y=">AAACx HicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SDKd1tBpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiLKlOe9FpyFxaXlleJqaW1 9Y3OrvL3TypJcMt5kiUhkJwwyLqKYN1WkBO+kkgfjUPB2ODrX8fYdl1mUxFdqkvLeOBjG0SBigSKqIW/KFa/qmeXOA9+CCuyqJ+UXXKOPBAw5xuCIo QgLBMjo6cKHh5S4HqbESUKRiXPco0TanLI4ZQTEjug7pF3XsjHttWdm1IxOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1Heb0D+0XmNiFW6J/Us3y/ yvTteiMMCpqSGimlLD6OqYdclNV/TN3S9VKXJIidO4T3FJmBnlrM+u0WSmdt3bwMTfTKZm9Z7Z3Bzv+pY0YP/nOOdB66jqe1W/cVypndlRF7GHfRzS PE9QwyXqaBrvRzzh2blwhJM5+WeqU7CaXXxbzsMHXNyPdw==</latexit>
2 4 6 8 10
2
4
6
8
10
12
14 10
-3
+: RBM
-: RBM
+: FD
-: FD
2 4 6 8 10
2
3
4
5
6
7
8
9 10
-3
+: RBM
-: RBM
+: FD
-: FD
2 4 6 8 10
3
3.5
4
4.5
5
5.5
6
6.5
7
7.5 10
-3
+: RBM
-: RBM
+: FD
-: FD
⌫ = 0.1
<latexit sha1_base64="mJgAaQm+WlJ4UdB37FDTCsalCrY=">AAACynicjVLLSsNAFD2Nr1 pfVZdugkVwVRIRdCMU3bhwUcE+wBZJptM6NE3CZCKU4s4fcKsfJv6B/oV3ximoRXRCkjPn3nNnztwJ00hkyvNeC87c/MLiUnG5tLK6tr5R3txqZkkuGW+wJEpkOwwyHomYN5RQEW+nkgejMOKtcH im4607LjORxFdqnPLuKBjEoi9YoIhqdeL8xKv6N+WKV/XMcGeBb0EFdtST8gs66CEBQ44ROGIowhECZPRcw4eHlLguJsRJQsLEOe5RIm1OWZwyAmKH9B3Q7NqyMc11zcyoGa0S0StJ6WKPNAnlSc J6NdfEc1NZs7/Vnpiaem9j+oe21ohYhVti/9JNM/+r014U+jg2HgR5Sg2j3TFbJTenonfufnGlqEJKnMY9ikvCzCin5+waTWa867MNTPzNZGpWz5nNzfGud0kN9n+2cxY0D6o+3YbLw0rt1La6iB 3sYp/6eYQazlFHw7h8xBOenQtHOmNn8pnqFKxmG9+G8/ABEoyRTA==</latexit><latexit sha1_base64="mJgAaQm+WlJ4UdB37FDTCsalCrY=">AAACynicjVLLSsNAFD2Nr1 pfVZdugkVwVRIRdCMU3bhwUcE+wBZJptM6NE3CZCKU4s4fcKsfJv6B/oV3ximoRXRCkjPn3nNnztwJ00hkyvNeC87c/MLiUnG5tLK6tr5R3txqZkkuGW+wJEpkOwwyHomYN5RQEW+nkgejMOKtcH im4607LjORxFdqnPLuKBjEoi9YoIhqdeL8xKv6N+WKV/XMcGeBb0EFdtST8gs66CEBQ44ROGIowhECZPRcw4eHlLguJsRJQsLEOe5RIm1OWZwyAmKH9B3Q7NqyMc11zcyoGa0S0StJ6WKPNAnlSc J6NdfEc1NZs7/Vnpiaem9j+oe21ohYhVti/9JNM/+r014U+jg2HgR5Sg2j3TFbJTenonfufnGlqEJKnMY9ikvCzCin5+waTWa867MNTPzNZGpWz5nNzfGud0kN9n+2cxY0D6o+3YbLw0rt1La6iB 3sYp/6eYQazlFHw7h8xBOenQtHOmNn8pnqFKxmG9+G8/ABEoyRTA==</latexit><latexit sha1_base64="mJgAaQm+WlJ4UdB37FDTCsalCrY=">AAACynicjVLLSsNAFD2Nr1 pfVZdugkVwVRIRdCMU3bhwUcE+wBZJptM6NE3CZCKU4s4fcKsfJv6B/oV3ximoRXRCkjPn3nNnztwJ00hkyvNeC87c/MLiUnG5tLK6tr5R3txqZkkuGW+wJEpkOwwyHomYN5RQEW+nkgejMOKtcH im4607LjORxFdqnPLuKBjEoi9YoIhqdeL8xKv6N+WKV/XMcGeBb0EFdtST8gs66CEBQ44ROGIowhECZPRcw4eHlLguJsRJQsLEOe5RIm1OWZwyAmKH9B3Q7NqyMc11zcyoGa0S0StJ6WKPNAnlSc J6NdfEc1NZs7/Vnpiaem9j+oe21ohYhVti/9JNM/+r014U+jg2HgR5Sg2j3TFbJTenonfufnGlqEJKnMY9ikvCzCin5+waTWa867MNTPzNZGpWz5nNzfGud0kN9n+2cxY0D6o+3YbLw0rt1La6iB 3sYp/6eYQazlFHw7h8xBOenQtHOmNn8pnqFKxmG9+G8/ABEoyRTA==</latexit><latexit sha1_base64="mJgAaQm+WlJ4UdB37FDTCsalCrY=">AAACynicjVLLSsNAFD2Nr1 pfVZdugkVwVRIRdCMU3bhwUcE+wBZJptM6NE3CZCKU4s4fcKsfJv6B/oV3ximoRXRCkjPn3nNnztwJ00hkyvNeC87c/MLiUnG5tLK6tr5R3txqZkkuGW+wJEpkOwwyHomYN5RQEW+nkgejMOKtcH im4607LjORxFdqnPLuKBjEoi9YoIhqdeL8xKv6N+WKV/XMcGeBb0EFdtST8gs66CEBQ44ROGIowhECZPRcw4eHlLguJsRJQsLEOe5RIm1OWZwyAmKH9B3Q7NqyMc11zcyoGa0S0StJ6WKPNAnlSc J6NdfEc1NZs7/Vnpiaem9j+oe21ohYhVti/9JNM/+r014U+jg2HgR5Sg2j3TFbJTenonfufnGlqEJKnMY9ikvCzCin5+waTWa867MNTPzNZGpWz5nNzfGud0kN9n+2cxY0D6o+3YbLw0rt1La6iB 3sYp/6eYQazlFHw7h8xBOenQtHOmNn8pnqFKxmG9+G8/ABEoyRTA==</latexit>
⌫ = 0.01
<latexit sha1_base64="mDqauLTXzVJP7flNitZEhOUFpig=">AAACy3icjVHLSgMxFD0dX7 W+qi7dDBbBVZkRQTdC0Y0boYJ9QC0yk6Z16LxIMkKtLv0Bt/pf4h/oX3gTp6AW0QyTnJx7zk1urp+GgVSO81qwZmbn5heKi6Wl5ZXVtfL6RlMmmWC8wZIwEW3fkzwMYt5QgQp5OxXci/yQt/zhiY 63briQQRJfqFHKu5E3iIN+wDxFVPsyzo6cquNelSu0mGFPAzcHFeSjnpRfcIkeEjBkiMARQxEO4UHS14ELBylxXYyJE4QCE+e4R4m8Gak4KTxihzQPaNfJ2Zj2Oqc0bkanhPQLctrYIU9COkFYn2 abeGYya/a33GOTU99tRKuf54qIVbgm9i/fRPlfn65FoY9DU0NANaWG0dWxPEtmXkXf3P5SlaIMKXEa9yguCDPjnLyzbTzS1K7f1jPxN6PUrN6zXJvhXd+SGuz+bOc0aO5VXafqnu9Xasd5q4vYwj Z2qZ8HqOEUdTRMHx/xhGfrzJLWrXX3KbUKuWcT34b18AGsYpGG</latexit><latexit sha1_base64="mDqauLTXzVJP7flNitZEhOUFpig=">AAACy3icjVHLSgMxFD0dX7 W+qi7dDBbBVZkRQTdC0Y0boYJ9QC0yk6Z16LxIMkKtLv0Bt/pf4h/oX3gTp6AW0QyTnJx7zk1urp+GgVSO81qwZmbn5heKi6Wl5ZXVtfL6RlMmmWC8wZIwEW3fkzwMYt5QgQp5OxXci/yQt/zhiY 63briQQRJfqFHKu5E3iIN+wDxFVPsyzo6cquNelSu0mGFPAzcHFeSjnpRfcIkeEjBkiMARQxEO4UHS14ELBylxXYyJE4QCE+e4R4m8Gak4KTxihzQPaNfJ2Zj2Oqc0bkanhPQLctrYIU9COkFYn2 abeGYya/a33GOTU99tRKuf54qIVbgm9i/fRPlfn65FoY9DU0NANaWG0dWxPEtmXkXf3P5SlaIMKXEa9yguCDPjnLyzbTzS1K7f1jPxN6PUrN6zXJvhXd+SGuz+bOc0aO5VXafqnu9Xasd5q4vYwj Z2qZ8HqOEUdTRMHx/xhGfrzJLWrXX3KbUKuWcT34b18AGsYpGG</latexit><latexit sha1_base64="mDqauLTXzVJP7flNitZEhOUFpig=">AAACy3icjVHLSgMxFD0dX7 W+qi7dDBbBVZkRQTdC0Y0boYJ9QC0yk6Z16LxIMkKtLv0Bt/pf4h/oX3gTp6AW0QyTnJx7zk1urp+GgVSO81qwZmbn5heKi6Wl5ZXVtfL6RlMmmWC8wZIwEW3fkzwMYt5QgQp5OxXci/yQt/zhiY 63briQQRJfqFHKu5E3iIN+wDxFVPsyzo6cquNelSu0mGFPAzcHFeSjnpRfcIkeEjBkiMARQxEO4UHS14ELBylxXYyJE4QCE+e4R4m8Gak4KTxihzQPaNfJ2Zj2Oqc0bkanhPQLctrYIU9COkFYn2 abeGYya/a33GOTU99tRKuf54qIVbgm9i/fRPlfn65FoY9DU0NANaWG0dWxPEtmXkXf3P5SlaIMKXEa9yguCDPjnLyzbTzS1K7f1jPxN6PUrN6zXJvhXd+SGuz+bOc0aO5VXafqnu9Xasd5q4vYwj Z2qZ8HqOEUdTRMHx/xhGfrzJLWrXX3KbUKuWcT34b18AGsYpGG</latexit><latexit sha1_base64="mDqauLTXzVJP7flNitZEhOUFpig=">AAACy3icjVHLSgMxFD0dX7 W+qi7dDBbBVZkRQTdC0Y0boYJ9QC0yk6Z16LxIMkKtLv0Bt/pf4h/oX3gTp6AW0QyTnJx7zk1urp+GgVSO81qwZmbn5heKi6Wl5ZXVtfL6RlMmmWC8wZIwEW3fkzwMYt5QgQp5OxXci/yQt/zhiY 63briQQRJfqFHKu5E3iIN+wDxFVPsyzo6cquNelSu0mGFPAzcHFeSjnpRfcIkeEjBkiMARQxEO4UHS14ELBylxXYyJE4QCE+e4R4m8Gak4KTxihzQPaNfJ2Zj2Oqc0bkanhPQLctrYIU9COkFYn2 abeGYya/a33GOTU99tRKuf54qIVbgm9i/fRPlfn65FoY9DU0NANaWG0dWxPEtmXkXf3P5SlaIMKXEa9yguCDPjnLyzbTzS1K7f1jPxN6PUrN6zXJvhXd+SGuz+bOc0aO5VXafqnu9Xasd5q4vYwj Z2qZ8HqOEUdTRMHx/xhGfrzJLWrXX3KbUKuWcT34b18AGsYpGG</latexit>
⇢
<latexit sha1_b ase64="SP/E3unyzRN1Rz0wBK/OO YgyFBE=">AAACyHicjVHLSsNAFD2N r1pfVZdugkVwVRIRdFl0I64qmLbQ FknSaTs0TcJkopTixh9wq18m/oH+ hXfGKahFdEKSM+fec2buvUEa8Uw6z mvBWlhcWl4prpbW1jc2t8rbO40sy UXIvDCJEtEK/IxFPGae5DJirVQwfx xErBmMzlW8ectExpP4Wk5S1h37g5 j3eehLoryOGCalm3LFqTp62fPANa ACs+pJ+QUd9JAgRI4xGGJIwhF8ZPS 04cJBSlwXU+IEIa7jDPcokTanLEY ZPrEj+g5o1zZsTHvlmWl1SKdE9ApS 2jggTUJ5grA6zdbxXDsr9jfvqfZU d5vQPzBeY2IlhsT+pZtl/lenapHo4 1TXwKmmVDOqutC45Lor6ub2l6okO aTEKdyjuCAcauWsz7bWZLp21Vtfx 990pmLVPjS5Od7VLWnA7s9xzoPGUd V1qu7VcaV2ZkZdxB72cUjzPEENF6 jDI2+ORzzh2bq0UuvOmnymWgWj2cW 3ZT18AOj6kNw=</latexit><latexit sha1_b ase64="SP/E3unyzRN1Rz0wBK/OO YgyFBE=">AAACyHicjVHLSsNAFD2N r1pfVZdugkVwVRIRdFl0I64qmLbQ FknSaTs0TcJkopTixh9wq18m/oH+ hXfGKahFdEKSM+fec2buvUEa8Uw6z mvBWlhcWl4prpbW1jc2t8rbO40sy UXIvDCJEtEK/IxFPGae5DJirVQwfx xErBmMzlW8ectExpP4Wk5S1h37g5 j3eehLoryOGCalm3LFqTp62fPANa ACs+pJ+QUd9JAgRI4xGGJIwhF8ZPS 04cJBSlwXU+IEIa7jDPcokTanLEY ZPrEj+g5o1zZsTHvlmWl1SKdE9ApS 2jggTUJ5grA6zdbxXDsr9jfvqfZU d5vQPzBeY2IlhsT+pZtl/lenapHo4 1TXwKmmVDOqutC45Lor6ub2l6okO aTEKdyjuCAcauWsz7bWZLp21Vtfx 990pmLVPjS5Od7VLWnA7s9xzoPGUd V1qu7VcaV2ZkZdxB72cUjzPEENF6 jDI2+ORzzh2bq0UuvOmnymWgWj2cW 3ZT18AOj6kNw=</latexit><latexit sha1_b ase64="SP/E3unyzRN1Rz0wBK/OO YgyFBE=">AAACyHicjVHLSsNAFD2N r1pfVZdugkVwVRIRdFl0I64qmLbQ FknSaTs0TcJkopTixh9wq18m/oH+ hXfGKahFdEKSM+fec2buvUEa8Uw6z mvBWlhcWl4prpbW1jc2t8rbO40sy UXIvDCJEtEK/IxFPGae5DJirVQwfx xErBmMzlW8ectExpP4Wk5S1h37g5 j3eehLoryOGCalm3LFqTp62fPANa ACs+pJ+QUd9JAgRI4xGGJIwhF8ZPS 04cJBSlwXU+IEIa7jDPcokTanLEY ZPrEj+g5o1zZsTHvlmWl1SKdE9ApS 2jggTUJ5grA6zdbxXDsr9jfvqfZU d5vQPzBeY2IlhsT+pZtl/lenapHo4 1TXwKmmVDOqutC45Lor6ub2l6okO aTEKdyjuCAcauWsz7bWZLp21Vtfx 990pmLVPjS5Od7VLWnA7s9xzoPGUd V1qu7VcaV2ZkZdxB72cUjzPEENF6 jDI2+ORzzh2bq0UuvOmnymWgWj2cW 3ZT18AOj6kNw=</latexit><latexit sha1_b ase64="SP/E3unyzRN1Rz0wBK/OO YgyFBE=">AAACyHicjVHLSsNAFD2N r1pfVZdugkVwVRIRdFl0I64qmLbQ FknSaTs0TcJkopTixh9wq18m/oH+ hXfGKahFdEKSM+fec2buvUEa8Uw6z mvBWlhcWl4prpbW1jc2t8rbO40sy UXIvDCJEtEK/IxFPGae5DJirVQwfx xErBmMzlW8ectExpP4Wk5S1h37g5 j3eehLoryOGCalm3LFqTp62fPANa ACs+pJ+QUd9JAgRI4xGGJIwhF8ZPS 04cJBSlwXU+IEIa7jDPcokTanLEY ZPrEj+g5o1zZsTHvlmWl1SKdE9ApS 2jggTUJ5grA6zdbxXDsr9jfvqfZU d5vQPzBeY2IlhsT+pZtl/lenapHo4 1TXwKmmVDOqutC45Lor6ub2l6okO aTEKdyjuCAcauWsz7bWZLp21Vtfx 990pmLVPjS5Od7VLWnA7s9xzoPGUd V1qu7VcaV2ZkZdxB72cUjzPEENF6 jDI2+ORzzh2bq0UuvOmnymWgWj2cW 3ZT18AOj6kNw=</latexit>
Figure 7: Equilibrium distributions. FD vs RBM. Left: ν = 1; middle: ν = 0.1; right:
ν = 0.01.
Similarly, given the ionic concentration ρ∞ of the electrolyte solution, one can compute
the differential capacitance using Algorithm 1 in different scalings. We take ρ∞ = 0.005, R =
1, L = 10, q = 1e−3, τ = 0.01, Tc = 40,  = 1e−5. The results for ν = 1 and 0.1 are shown in
Figure 8. It is clear that the differential capacitance can be well approximated by RBM-PB
for 3D spherical symmetric case.
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Figure 8: Differential capacitance for 3D spherical symmetric example with fixed ρ∞ =
0.005.
6.2.2 Non-symmetric case
Next, we apply RBM-PB to non-symmetric case. We also collect the samples from 100
different time steps after the equilibrium to get more samples. In order to illustrate the
non-symmetry, we plot the projections into different coordinate planes.
Let xc = [0, 1.5, 0], R = 2, L = 10, ν = 1, Q+ = 10, Qf = 15, N+ = 10
4, τ = 0.01. In
this case, the distributions are not symmetric in the y direction. Since the free charge at xc
is positive, the density of negative charges is higher around xc due to attraction, while the
density of positive charges is lower around xc due to repulsion. The kernel density estimate
in the xOy and yOz planes are shown in Figure 9. We can see that, close to the cell,
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the negative charges are more clustered around the free charge while the positive charges
are much more sparse around it than elsewhere. Away from the cell, the distributions are
approximating radial symmetric. Moreover, both the positive and negative distributions are
symmetric in the x and z direction and non-symmetric in the y direction.
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Figure 9: The kernel density estimates in the xOy (Up) and yOz (Down) planes. Left:
positive charges; right: negative charges. The black circle and red pentagram represent for
the origin and the free charge, the black dashed lines denote the inner and outer boundaries
of the truncated domain.
In the spherical coordinates (r, θ, φ), r(xc) = 1.5, θ(xc) = pi/2, φ(xc) = pi/2. One can
also observe non-symmetry in the φ direction. The kernel density estimates of bulk density
in the r− φ plane are shown in Figure 10. The same colorbar is used in the two subfigures.
It is clear that the positive charge density is lower around φ = pi/2 since the repulsion
interaction is stronger than other angles; meanwhile, the negative charge density is higher
at φ = pi/2 due to stronger attraction. In the r direction, the positive charge density is
increasing (turning yellow), while the negative charge density is decreasing (turning green).
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Figure 10: The kernel density estimates in the r − φ plane. Left: positive charges; right:
negative charges. The red pentagram represents for the free charge.
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7 Conclusions
In this paper, we proposed a direct simulation approach (RBM-PB) for nonlinear Poisson-
Boltzmann equation using the Random Batch Method. At the microscopic level, each ionic
particle is subject to the external electric field and interacts with the other N − 1 particles
through Coulomb potential. By direct particle simulation, we can keep track of the true
dynamics of the particle as well as the equilibriums. Meanwhile, the particle method is
insensitive to dimension and applicable to complex geometry. Thanks to RBM, the compu-
tational cost for interacting particle system is largely reduced from O(N2) to O(N) per time
step. Besides, to overcome the difficulty brought by unbounded external domain, we did
a truncation and performed the simulation inside the truncated domain. The convergence
analysis suggests that such a truncation makes sense. Our numerical results demonstrate
that RBM-PB can efficiently simulate the electrostatic distribution of ionic species and cap-
ture the screening layer.
Though we only considered the symmetric monovalent electrolyte, this particle method
can be easily applied to deal with the case with more than two ionic species. Besides, it is
interesting to do simulation for the problem with different dielectric constants in and outside
the cell. These are left for future work.
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A Discussion about different dielectric constants
In this section, we discuss the effects if the dielectric constant ε inside the cell is different
from the one outside.
First of all, recall the classical electrodynamics theory [14]. By Gauss’s law,
ε0∇ · E = ρF + ρp, ρp = −∇ · P,
where ε0 is the dielectric constant in the vacuum, P is the induced electric field, E is the
total electric field, and ρF , ρp and ρF + ρp represent for the free charge distribution, the
induced charge distribution and the total charge distribution respectively. Introducing the
electric displacement vector
D = ε0E + P = εE
yields
∇ ·D = ∇ · (εE) = ρF .
In other words, the total field E is related to the free charge distribution if we put the
varying electricity inside. The effects of induced charge are included in ε.
Suppose that ε is piecewise constant inside and outside the cell C, i.e.
ε(x) =
ß
ε1, x ∈ C,
ε2, x ∈ Ω.
The interface condition on Γ is given by
n× (E2 − E1) = 0, n · (D2 −D1) = 0, (A.1)
where we assume there is no free surface charge on the interface. Here, E1, E2 and D1, D2
are the total electric field and the electric displacement on the interior and exterior side of
the cell respectively; n is the unit normal vector on the interface Γ pointing to Ω. This
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means the tangential components of E are continuous on two sides of the matter, while the
normal components of E satisfy ε1E1 · n = ε2E2 · n.
We now briefly point out the issue for our problem if ε is different on the two sides.
Recall that, in order to solve the equation (2.7), we need to specify the boundary function
σf according to the free charge distribution ρf inside the cell. Unfortunately, if ε is not a
constant, this σf is not totally determined by the free charge inside the cell. It also includes
the induced charge due to the distribution of charges outside the cell. In other words, σf is
not prescribed in this case and it depends on the solution in the current time. With induced
charges counted in σf , the interaction between charges in Ω can be given by Coulomb forces.
Alternatively, one can take into consideration the effects of induced charge by solving
the Poisson equation with variable ε directly. By Gauss’s law, the Poisson equation in the
entire space for our problem reads
−∇ · (ε(x)∇Φ) = e(ρf +
J∑
j=1
zjρj), (A.2)
where ρf is supported in C and ρj is supported in Ω. In order to solve (A.2), one needs to
find the fundamental solution of
−∇ · (ε(x)∇Φ) = δ(x− x0), x0 ∈ Ω. (A.3)
Clearly, the fundamental solution in Ω is not given by the Coulomb potential
Φ2(x) =
 −
1
2piε2
ln |x− x0|, d = 2,
1
d(d−2)α(d)ε2|x−x0|d−2 , d ≥ 3,
any more. Suppose otherwise. It follows from (A.1) that
ε1∇Φ1 · n = ε2∇Φ2 · n
and thus the solution to (A.3) in C is
Φ1(x) =
 −
1
2piε1
ln |x− x0|+ C, d = 2,
1
d(d−2)α(d)ε1|x−x0|d−2 + C, d ≥ 3,
where C is an arbitrary constant. However, a simple computation shows that Φ1 and Φ2
violate the continuity of tangential components of E on the interface Γ if ε1 6= ε2. This
makes the problem −ε1∆Φ = 0 in C overdetermined. Therefore, when we apply RBM for
variable ε cases directly, the interaction force between two charges outside the cell is no
longer Coulomb. However, for some simple regular domain C (such as sphere domain), the
fundamental solution of (A.3) can be obtained by exploiting the image charge method, and
the interaction kernel has an explicit formula then. This will be explored in our future work.
B Some missing proofs
Proof of Lemma 5.4. Given x ∈ Ω. Since lim
|x|→∞
u(x) = 0, we have
∀  > 0 ∃ L sufficiently large, s.t. x ∈ BL, |u(x)| <  for |x| ∈ ∂BL.
Let ΩL = BL\C¯. Then 
Lu ≤ 0, in ΩL,
− ∂u
∂n
≤ 0, on Γ,
|u| < , on ∂BL.
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By the maximum principle, u attains its nonnegative maximum on ∂ΩL.
If u attains its nonnegative maximum on x0 ∈ Γ, apply Hopf’s lemma, − ∂u
∂n
∣∣∣
x=x0
> 0,
this contradicts with − ∂u
∂n
∣∣∣
Γ
≤ 0. Otherwise, u attains its nonnegative maximum on ∂BL,
so u(x) ≤ |u|∂BL < .
By the arbitrariness of , u(x) ≤ 0.
Proof of Proposition 5.2 in 3D. Throughout this proof, we will denote any generic constants
as C, which may change from line to line.
STEP 1: Introduce a function of s ∈ R,
p(s) =

es − e−s
s
ρ∞, s 6= 0,
2ρ∞, s = 0.
Then p(s) ≥ 2ρ∞ > 0 is a continuous even function.
So (5.1) can be rewritten as
−∆Φ + p(Φ)Φ = 0, x ∈ Ω,
−∂Φ
∂n
∣∣∣
Γ
= σf , Φ(x)→ 0 as |x| → ∞.
Denote Σf = ‖σf‖L∞(Γ) < +∞ and consider the linear problem
−∆Φ¯ + 2ρ∞Φ¯ = 0, x ∈ Ω,
−∂Φ¯
∂n
∣∣∣
Γ
= Σf , Φ¯(x)→ 0 as |x| → ∞.
(B.1)
By Lemma 5.4, Φ¯ ≥ 0.
Let u± = Φ¯± Φ, then
−∆u± + p(Φ)u± = (p(Φ)− 2ρ∞) Φ¯ ≥ 0, x ∈ Ω,
−∂u
±
∂n
∣∣∣
Γ
= Σf ± σf ≥ 0, u± → 0 as |x| → ∞.
By Lemma 5.4, u± ≥ 0. That is,
|Φ| ≤ Φ¯, x ∈ Ω.
STEP 2: In order to express the solution Φ¯ of the exterior Neumann problem (B.1), first
construct the interior Dirichlet problem −∆Φ¯ + 2ρ∞Φ¯ = 0 in C,
Φ¯ = Φ¯e on Γ.
Recall that for x ∈ Γ, Φ¯e(x) and Φ¯i(x) represent the limits from exterior and interior side.
Hence, [Φ¯] = 0. Then, by the representation formula (5.3), we have
Φ¯(x) =
∫
Γ
q(y)G(x− y)dSy, (B.2)
where q =
ï
∂Φ¯
∂n
ò
and
G(x) =
e−
√
2ρ∞|x|
4pi|x| (B.3)
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is the three-dimensional Green function.
As for x ∈ Γ, ∂Φ¯
e
∂n
(x) =
∂Φ¯e
∂n (x) +
∂Φ¯i
∂n (x)
2
+
∂Φ¯e
∂n (x)− ∂Φ¯
i
∂n (x)
2
, q satisfies
−Σf =
∫
Γ
q(y)
∂G(x− y)
∂nx
dSy − q(x)
2
.
Define a kernel k : Γ× Γ→ R as
k(x, y) = 2
∂G(x− y)
∂nx
(B.4)
and define an integral operator K by
Kf(x) =
∫
Γ
k(x, y)f(y)dSy, x ∈ Γ. (B.5)
Then we are led to the Fredholm equation of the second kind:
(I −K)q = 2Σf . (B.6)
From Lemma B.1, we know K is compact as operators in L2(Γ) → L2(Γ) and also in
C(Γ) → C(Γ). I −K is a Fredholm operator. Therefore, given Σf ∈ L2(Γ), there exists a
unique q ∈ L2(Γ) such that (I −K)q = 2Σf . Besides, since K is compact in C(Γ)→ C(Γ),
q ∈ C(Γ). Hence, Φ¯ ∈ C2(Ω)⋂C(Ω¯) from (B.2).
Now we are in a position to show the exponentially decay of Φ¯. For all x ∈ Ω satisfying
|x| ≥ 2 sup
y∈Γ
|y|, it follows from (B.2) that
∣∣Φ¯(x)∣∣ ≤ ‖q‖L2(Γ)Ç∫
Γ
e−2
√
2ρ∞|x−y|
42pi2|x− y|2 dSy
å 1
2
≤ ‖q‖L2(Γ)
»
|Γ|e
−√2ρ∞|x|/2
2pi|x| .
Thus, there exists R1 = 2 sup
y∈Γ
|y| such that
|Φ(x)| ≤ ∣∣Φ¯(x)∣∣ ≤ C|x|e−C|x|, |x| > R1.
Besides, Φ ∈ L∞(Ω) as Φ¯ ∈ C(Ω¯).
STEP 3: Look back to the original PB equation (5.1)
−∆Φ + 2ρ∞Φ = 2ρ∞(Φ− sinh Φ), x ∈ Ω.
Let f := 2ρ∞(Φ− sinh Φ) ∈ L∞(Ω). Then, since Φ ∈ L∞(Ω), there exists R2 large enough
such that
|f(x)| ≤ CΦ2 ≤ C|x|2 e
−C|x|, |x| > R2. (B.7)
Next, by similar arguments with STEP 2, we show the exponentially decay property of
∇Φ. Construct the interior Dirichlet problem −∆Φ + 2ρ∞Φ = 0 in C,
Φ = Φe on Γ.
Then [Φ] = 0 and by the representation formula (5.3), we have
Φ(x) =
∫
Γ
q˜(y)G(x− y)dSy +
∫
Ω
G(x− y)f(y)dy, (B.8)
where q˜ =
ï
∂Φ
∂n
ò
. Similarly, we are led to the Fredholm equation of the second kind
(I −K)q˜ = 2(g + σf ) (B.9)
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with g =
∫
Ω
∂G(x− y)
∂nx
f(y)dy ∈ L2(Γ). Therefore, there exists a unique q˜ ∈ L2(Γ) satisfing
(B.9).
Now we estimate the gradient of Φ. One can deduce from (B.8) that
∇Φ(x) =
∫
Ω
∇xG(x− y)f(y)dy +
∫
Γ
∇xG(x− y)q˜(y)dSy. (B.10)
According to (B.3), one has
|∇xG(x− y)| ≤
√
2ρ∞|x− y|+ 1
4pi|x− y|2 e
−√2ρ∞|x−y|. (B.11)
For x ∈ Ω satisfying |x| ≥ 2R2, consider
I :=
∫
Ω
∣∣∇xG(x− y)f(y)∣∣dy
=
Ç∫
Ω1
+
∫
Ω2
+
∫
Ω3
å ∣∣∇xG(x− y)f(y)∣∣dy := I1 + I2 + I3,
where Ω1 = {|x|/2 ≤ |y| ≤ 2|x|},Ω2 = {|y| ≥ 2|x|},Ω3 = {|y| ≤ |x|/2} ∩ Ω. Then, by (B.7)
and (B.11), one can obtain that
I1 ≤‖f‖L∞(Ω1)
∫
Ω1
|∇xG(x− y)| dy ≤ C|x|2 e
−C|x| Ä2− (2 + C|x|)e−C|x|ä ≤ C|x|2 e−C|x|,
I2 ≤‖f‖L1(Ω2) sup
Ω2
|∇xG(x− y)| ≤ Ce−C|x|C|x|+ 1|x|2 e
−C|x| ≤ C|x|2 e
−C|x|,
I3 ≤‖f‖L1(Ω3) sup
Ω3
|∇xG(x− y)| ≤ C|x|3C|x|+ 1|x|2 e
−C|x| ≤ C|x|2 e
−C|x|.
For x ∈ Ω satisfying |x| ≥ R1, it follows from (B.11) that
J :=
∫
Γ
|∇xG(x− y)q˜(y)| dSy ≤ ‖q˜‖L2(Γ)
Å∫
Γ
|∇xG(x− y)|2dSy
ã 1
2
≤ CC|x|+ 1|x|2 e
−C|x|.
Therefore, there exists a large R = max{R1, 2R2} such that for all |x| ≥ R,
|∇Φ(x)| ≤ I + J ≤ C|x|2 e
−C|x|.
Lemma B.1. For smooth boundary Γ ⊂ R2, the operator K defined by (B.3), (B.4), (B.5)
is compact both in B(L2(Γ)) and B(C(Γ)).
Proof. For compactness in C(Γ)→ C(Γ), it is similar to the Laplacian case, and see [15] for
the latter.
Now consider the compactness in L2(Γ)→ L2(Γ):
k(x, y) = 2n(x) · ∇G(x− y) = −n(x) · (x− y)
2pi
√
2ρ∞|x− y|+ 1
|x− y|3 e
−√2ρ∞|x−y|,
Since Γ is smooth, n(x) is almost orthogonal to (x − y) for y close to x, there exists a
bounded continuous function c(x, y) such that
−n(x) · (x− y) = |x− y|2c(x, y).
Thus the kernel is weakly singular (behaves like |x− y|−1 as x→ y).
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For ε > 0, let
kε(x, y) =
c(x, y)
2pi
√
2ρ∞|x− y|+ 1
|x− y|+ ε e
−√2ρ∞|x−y|, x, y ∈ Γ.
Kεf(x) =
∫
Γ
kε(x, y)f(y)dSy, f ∈ L2(Γ).
Then kε ∈ L2 (Γ× Γ), so Kε : L2(Γ) → L2(Γ) is a Hilbert-Schmidt operator with norm
‖Kε‖HS = ‖kε‖L2 <∞, and hence compact.
Next, we estimate ‖Kε − K‖B(L2(Γ)). For smooth surface Γ, there exist n local charts
Di ⊂ R2 and mapping ϕi, i = 1, · · · , n such that
ϕi ◦ kε ∼ Ci|u− v|+ C
′
i
|u− v|+ ε =: k¯i,ε, ϕi ◦ k ∼
Ci|u− v|+ C ′i
|u− v| =: k¯i, u, v ∈ Di.
Since f ∈ L2(Γ),f¯i = ϕi ◦ f ∈ L2(Di). Define
K¯i,εf¯i(v) =
∫
Di
k¯i,ε(u, v)f¯i(u)du, K¯if¯i(v) =
∫
Di
k¯i(u, v)f¯i(u)du.
Let
gi,ε(u) =
Ci|u|+ C ′i
|u|+ ε 1Bi(u), gi(u) =
Ci|u|+ C ′i
|u| 1Bi(u),
with bounded sets Bi ⊂ R2 s.t. Di ⊂ Bi, i = 1, · · · , n. Then,
K¯i,εf¯i = gi,ε ∗ 1Di f¯i, K¯if¯i = gi ∗ 1Di f¯i.
Using local charts, it suffices to consider the operators K¯i,ε, K¯i. Apply Young’s convolution
inequality, one has
‖(K¯i,ε − K¯i)f¯i‖L2(Di) ≤ ‖(gi,ε − gi) ∗ 1Di f¯i‖L2(R2) ≤ ‖gi,ε − gi‖L1(R2)‖f¯i‖L2(Di).
This implies ‖K¯i,ε−K¯i‖B(L2(Di)) ≤ ‖gi,ε−gi‖L1(R2) → 0 as ε→ 0 by dominant convergence
theorem. Therefore,
‖Kε −K‖B(L2(Γ)) ≤
n∑
i=1
‖K¯i,ε − K¯i‖B(L2(Di)) → 0 as ε→ 0,
i.e. Kε → K in B(L2(Γ)) as ε→ 0. Hence, K : L2(Γ)→ L2(Γ) is a compact operator.
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